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1. Introduction

Let F’ be a free monoid with a generating set X = {uy,...,u:} and identity element
e; and F' = F'U{0}. Let M be a factor of F' which setting certain monomials in X
to 0. Suppose M is nilpotent of the nth order. That’s mean o™ = 0 for all @« € M
and there exist some 3 € M and 3"~ ! # 0. Let R be a ring with 1 an o be an
automorphism of R. The skew monoid ring R[M; o] was studied for the first time
in [I0]. Clearly, the addition operation of this ring is as usual and the multiplication
operation being skewed by the rule u;r = o(r)u; for all i = 1,...,t. So elements of
R[M; o] are as follows:

ae + E aply + g Ay foo Uky Uy,

1<k<t 1<k, ko<t

++ E akl,,,knilukl '-'Uknfl-

1<ky,oskn—1<t

fCorresponding author.
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In [13], the authors introduced generalized (principally) quasi Baer rings. A ring
R is called generalized right quasi Baer if satisfies the following condition:

VI<,R, d3neN and e=e?’€R such that rr(I") = eR.

A ring R is called generalized right principally quasi Baer whenever the above
condition holds for all principal right ideals of R. Given a fixed positive integer n,
a ring R is called n-generalized right (principally) quasi Baer if the natural number
n, for all ideals satisfies the above condition. Left cases may be defined analogously.
By [13] Proposition 2.2(i)] we have the following:

(1) A semiprime ring R is n-generalized right quasi Baer if and only if R is quasi
Baer. (i.e. the right (equiv. left) annihilator of every right (equiv. left) ideal of
R is generated as a right (equiv. left) ideal by an idempotent. See [0].)

(2) A semiprime ring R is n-generalized right principally quasi Baer if and only if
R is right principally quasi Baer. (i.e. the right annihilator of every principal
right ideal is generated by an idempotent. See [2].)

In this paper, by applying a rigid constraint on endomorphism o. We determine
semicentral idempotents of R[M;o] in terms of the semicentral idempotents of
the base ring R and with the help of this result, we express the results with the
generalized quasi Baer and generalized principally quasi Baer property of these
rings. Also, we have shown that for o-weakly rigid ring R, two properties of being
left primary and semicentral reduced are equivalent for both rings R and R[M;a].
It should be noted in this paper, rr(X) denotes the right annihilator of the subset
X in a ring R and for an element « in the skew monoid ring R[M; o], €, denotes
the set of coefficients of a.

2. Results
In general, in order to better study any algebraic structure, including the skew
monoid ring R[M; o], in addition to applying conditions on the base ring R, we
need to apply some restrictions on ¢. One of the common restrictions is

ac(Rb) =0« aRb=0, Va,beR.

A ring R with the above restriction is called o-weakly rigid, by [14]. Clearly,
prime rings with any automorphism o are examples of o-weakly rigid rings. In [4],
the set of right and left semicentral idempotents of R were symbolized by S, (R)
and S¢(R), respectively. In fact,

S.(R)={e € R:e* =¢ and ex = exe,Vx € R},
Si(R) ={e € R:e? = ¢ and ze = exe,Ya € R}.

Clearly, for semiprime or abelian ring R, we have S, (R) = S¢(R) = B(R), where
B(R) is the set of central idempotents of R.

As a first result, we characterize the semicentral idempotents which are central
in R[M;o] in terms of the semicentral idempotents of R.
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Proposition 2.1. Let R be a o-weakly rigid ring. Then:

(i) Sr(R) = B(R) if and only if S, (R[M;0o]) = B(R[M;o]).
(ii) Se(R) = B(R) if and only if Se(R[M;0]) = B(R[M;0o]).

Moreover, If the subsets of right (respectively, left) semicentral idempotents and
central idempotents of R are the same, then every central idempotent in the ring
R[M; o] is of the form fe, where f?> = f € B(R).

Proof. We ounly prove (i) and the proof of the other case is similar. First assume
Sr(R) = B(R) and

§=fe+ Z Jruk + Z S koo Uy Uk

1<k<t 1<k, ko<t

+o Z fkl"'kn—lukl C Uk
1<k ,ekin 1<t
in §-(R[M;o]). Thus, FR[M;o](e — F) = 0 and consequently FR(e — F) = 0.
Therefore, we obtain the following equations:

(1) fR(1—f)=0;
(2) fRfx = frRo(1 - f) 1<k<t
(3) fRfkaks = frakRo*(1 = f) 1< ki ko <t;

Considering Eq. (1), we obtain f € S,(R) = B(R). Now, by multiplying Eq. (2)
by f from the left-hand side, we have fRf; = ffxRo(1 — f) = 0. This equation
is obtained from Eq. (1) and o-weakly rigidity of R. Hence, frR(1 — f) = 0, by
Eq. (2) and o-weakly rigidity of R and so

fe="rfef=ffr € fRfr=0.

Continuing this method, we see that § = fe. On the other hand, fR(1 — f) =
(I = f)Rf = 0 implies that f(1 — o(f)) = (1 — f)o(f) = 0 and consequently
f = o(f). By the above argument, one can easily check that § € B(R[M;0])
and so S, (R[M;0o]) = B(R[M;c]). Conversely, let S,.(R[M;c]) = B(R[M;o]) and
f € S-(R). Hence, fR(1 — f) = 0. Then the o-weakly rigidity of R implies that
(fe)R[M;ol((1 — f)e) = 0. Thus, fe € S (R[M;0]) = B(R[M;o0]). Therefore,
f € B(R) and the result follows. O

Note that f is left semicentral if and only if 1 — f is right semicentral. So
Sr(R) = {0,1} is equivalent to Se(R) = {0,1}. A ring R is said to be semicentral
reduced if S¢(R) = {0,1}. As an immediate consequence of Proposition 21 we
obtain the following.

Corollary 2.2. Let R be a o-weakly rigid ring. Then R is semicentral reduced if
and only if so is R[M;o].
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In the following, we state a sufficient condition for the skew monoid ring R[M; o]
to be n-generalized right (principally) quasi Baer. For this purpose, we need the
following lemma about the semiprime or right APP rings. According to Liu and
Zhao [12], a ring R is called right APP if rg(aR) is left s-unital (i.e. for each
a € rg(aR) there is an x € rr(aR) such that za = a).

Lemma 2.3. Let R be a semiprime or right APP o-weakly rigid ring and o
be elements of T = R[M;o] for each 1 < i < n. If eyTasT---Tay, = 0, then
p1Rps - Rpy, =0 for each p; € €, and 1 < i <n.

Proof. The proof can be easily done by induction and considering that the lemma
is proved in [I1, Proposition 3.1] in the case of n = 2. |

Theorem 2.4. Let R be a (right principally) quasi Baer o-weakly rigid ring with
Si(R) = B(R). Then R[M; o] is n-generalized right (principally) quasi Baer.

Proof. Suppose that I is a right ideal of T'= R[M;c]. Let J be the right ideal of
R consists of coefficients of identity e of all elements of I. Since R is quasi Baer,
there exists a left semicentral idempotent f € S¢(R) such that rg(J) = fR. We
claim that r7(I"™) = (fe)T. With a simple calculation and considering o-weakly
rigidity of R and o(f) = f € B(R), we have (fe)T C rp(I™). Now, assume

ﬁ = be + Z brur + Z bklkzuklqu

1<k<t 1<k, ko<t

4.4 E broy ooy Ukey * " Uk,

is an arbitrary element of rr(I™). Then, for all aj,a9,...,a, € I we obtain
a1TasT---Ta, TS = 0. Since R is right APP, Lemma implies that

a1RasR -+ - Ra,Rb = 0 for each a; € J and b € €. Therefore, b € rg(J") and
hence J"b = J(J""'b) = 0. So J"'b = J" lbf = J" 1 fb = 0. By repeating
this technique, we get b € rr(J) and thus b = fb. It follows that r7(I") C (fe)T.
Therefore, the ring R[M; o] is n-generalized right quasi Baer. O

In [B], the authors introduced a skew triangular matriz ring T, (R, o) as a set of
all triangular matrices with usual addition and multiplication which is skewed by
the rule E;jr = 077 (r)E;;, where E;; is the elementary matrix. Actually, for each
(ai;) and (b;;) in T,,(R, o), we have

(@ij)(big) = (cij)  cij = @iibij + @iig10(biy1 ;) + - + aijo’ " (by;)
for each ¢ < j. Just note that to define the well-defined multiplication, we need

(1) = 1. Three following important subrings of T),(R, o) that are widely found in
the literature are examples of R[M;o]. (For more details see [10} [I5]).

A(R,n,0) ={A:|D;|=1,Vi=1,...,[n/2]};
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B(R,n,0) ={A+7rE) n2: A€ A(R,n,0),r € R}; (nis even)
T(R,n,o) ={A:|D;|=1,Vi=1,...,n};
where
D; ={a1,,02i41,-- - Gpn—it1in}, YVi=1,...,n.

Note that in case n = 2 and o = idg, the ring T (R, n,o) is the trivial extension
T(R, R). So we have the following corollary. It should be noted that the first item
of this result was stated in [I3, Theorem 3.2].

Corollary 2.5. Let R be a (right principally) quasi Baer ring ring with S¢(R) =
B(R). Then we have the following statements:

a

—~

) The ring S(R,n,idR) is n-generalized right (principally) quasi Baer.

) The ring A(R,n,idg) is n-generalized right (principally) quasi Baer.
c) The ring B(R,n,idr) is n-generalized right (principally) quasi Baer.

)

)

)

oG

The ring T(R,n,idg) is n-generalized right (principally) quasi Baer.
The ring Rlx]/(x™) is n-generalized right (principally) quasi Baer.
The trivial extension T(R, R) is n-generalized right (principally) quasi Baer.

e
f

—_

The next example allows us to construct numerous examples of generalized right
(principally) quasi Baer rings which are not semiprime.

Example 2.6. Let R be a prime ring. From [I, Lemma 4.2], R is quasi Baer
and semicentral reduced. Suppose ¢ is an automorphism of R. Clearly, R is o-
weakly rigid. Therefore, Theorem 2] implies that R[M; o] is n-generalized right
(principally) quasi Baer.

In the following example, we see that for a quasi Baer ring R, R[M;o] is not
necessarily (right principally) quasi Baer, in general.

Example 2.7. Suppose that R is a prime ring with an automorphism o. Let M
be a free monoid generated by {u,v} with 0 added and the relation

w=vP=uw=ovu=0

and T' = R[M;o]. Then r7(uT) = Ru + Rv is not generated by an idempotent of
R[M; o]. This is because that T is reduced semicentral by Corollary 221 Therefore,
R[M; o] is not (right principally) quasi Baer.

Now, we state the sufficient condition that the generalized right (principally)
quasi Baerness of the base ring R and the skew monoid ring R[M; o] is equivalent.

Theorem 2.8. Let R be a o-weakly rigid ring with S¢(R) = B(R). Then R is
generalized right (principally) quasi Baer if and only if so is R[M;o].

Proof. Assume that R is generalized right quasi Baer and I is a right ideal of
T = R[M;o]. Let J be the right ideal of R consists of coefficients of identity e
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of all elements of I. So, there exist positive integer m and f € Sy(R) such that
rr(J™) = fR. We have

rr(J™) = rp(J™) = rp(J ) = .. ..

This is because that J™ ™1z = 0 implies that Jz € rg(J™) = fR and consequently
Jx = fJx = Jfx, since [ is central. Thus, J™z = J"(fz) = 0. We will show that
rp(I™) = (fe)T. Clearly, by considering o-weakly rigidity of R and f = o(f) €
B(R) we get (I")(fe) = 0 and this implies that (fe)T C rp(I™™). Next, let

ﬂ = be + Z brur + Z bkleUklukz

1<k<t 1<k, ko<t

EEPE E Dkoy vk Why Uy

1Sk17444,k7171§t

in 77 (™). Thus, a5 = 0 for each

o = ae+ g apuy + g Ay koo Uky Uk

1<k<t 1<ky ko<t

+eot § Aoy ook Uky * " Uk

in I™™.
So for each r € R we have a(re)3 = 0 and thus we obtain the following equa-
tions:

(1) arb=0;
(2) arbg + ago(r)o(b) =0 1<k<t
(3) arbklkz + akla(r)g(bkz) + ak1k202 (T)UQ(b) =0 1< kla ko < t;

Considering Eq. (1), we obtain aRb = 0. Therefore, b € rr(J™") = fR and so
b = fb. Now by replacing r with rary for any r1 € R in Eq. (2), we get arar,b; = 0.
Thus, by, € rr(J?*™") = fR and so b, = fby, for all 1 < k < t. Next by replacing r
with rarjary for any r1 and 9 in R in Eq. (3), we have arariarqbg,k, = 0. Hence,
by € TR(J3m") = fR and so by, k, = fbryk, for all 1 < k;, ke < t. By continuing
in this way, one can see that b = fb for all b € €5. Thus, 8 = (fe)5 € (fe)T and
this proves that T is a generalized right quasi Baer ring. Conversely, assume 7T is a
generalized right quasi Baer ring. Let I be a right ideal of R and I[M;o] = {J €
T| &5 C I}. Clearly, I[M; o] is a right ideal of T'. So there exist positive integer m
and o = a € T such that rr((I[M;0])™) = oT. Let

o = ae + E Uy + E Ay oy Uky Uk
1<k<t 1<ky, ko<t

++ E ak1~~~kn71uk1~-'ukn71-
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Clearly, a is an idempotent element of R. Since (I[M;o])™a = 0, we have I"™a =0
and hence a € rr(I™). Thus, aR C rr(I™). Next, let r € rr(I™). Then re €
re((I[M;o])™), by o-weakly rigidity of R. Thus, re = a(re) and consequently
r = ar € aR. Therefore, rr(I™) = aR. So R is a generalized right quasi Baer ring
and the proof is complete. O

Note that weakly rigidity of R and Proposition 2] cause the left-hand version
of Theorems 241 and 28] to be maintained

Now, by using the quasi Baer ring R and using two monoids M and N, we
will obtain a wider range of generalized right (principally) quasi Baer rings. Notice
that for any endomorphism u with uo = op and p(lg) = 1g, we can define the

endomorphism fi: R[M; o] — R[M;a] by p(3-,c0r799) = 2 gens M(rg)g-

Corollary 2.9. Let R be an arbitrary ring with two weakly rigid automorphisms o
and p with op = po. If R is quasi Baer and S¢(R) = B(R), then R[M;c]|[N;n] is
generalized right quasi Baer.

Proof. Note that quasi Baer rings are APP. So aR[M;o]8 = 0 if and only if aRb =
0 if and only if aRu(b) = 0 if and only if aR[M;o]i(8) = 0, by Lemma [Z3] This
implies that R[M; o] is i-weakly rigid. Hence, the proof is clear, by Proposition [2.1]
and Theorem O

Recall from [7H9], a ring R is left primary if whenever A and B are ideals of R
with AB = 0, then B = 0 or A™ = 0 for some positive integer n. Primary rings
are a generalization of prime rings and nilpotent rings. By [3, Proposition 3.6(i)], a
ring R is left primary if and only if R is semicentral reduced and generalized right
quasi Baer. So with the help of Theorem and Corollary 2.2] we can produce a
wide range of left primary rings.

Theorem 2.10. Let R be a o-weakly rigid ring, where o is an automorphism of R.
Then R is left primary if and only if so is R[M;o].

We finish this paper by the following example that allows us to construct enor-
mous examples of generalized right quasi Baer rings which are not left primary.

Example 2.11. Let R be a non-prime o-weakly rigid quasi Baer ring with Sy(R) =
B(R). The ring R[M;o] is generalized right quasi Baer, by Theorem 2.8 but it is
not left primary, since R is not semicentral reduced.
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