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.. Introduction

In Hom algebras, the identities defining the structures are
twisted by homomorphisms. Such algebras appeared in some
q-deformations of the Witt and the Virasoro algebras.

Motivated by their generalization, Hartwing, Larsson and
Silvestrov introduced the notion of Hom-Lie algebras as part
of the study of σ-dreivations of an associated algebra. In the
class of Hom-Lie algebras, the Jacobi identity is twisted by a
homomorphism, called the Hom-Jocobi identity.

Makhlouf and Silvestrov have modified the definition of a
Hom-Lie algebra when we start with a nonassociative algebra
and an automorphism of it.

Hom-Lie algebras are widely studied in representation and
cohomology theory, deformation theory and bialgebra theory.
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.. Introduction

The notion of a Lie algebroid was introduced by Pradines as a
generalization of Lie algebras and tangent bundles.

Gengoux and Teles introduced the notion of a Hom-Lie
algebroid with the help of a Hom-Gerstenhaber algebra.

There is a one to one correspondence between
Hom-Gerstenhaber algebra structures on Γ(∧•A) and
Hom-Lie algebroid stuctures on a vector bundle A.

We introduce the notion of a Hom-bundle by any
diffeomorphism φ on M to make the definition of a Hom-Lie
algebroid on the pull back φ!TM of the Lie algebroid TM.

By introducing the notion of a Hom-Poisson tensor which is
equivalent to a purely Hom-Poisson algebra structure on
C∞(M), we show that there is a Hom-Lie algebroid structure
on φ!TM, associated to a Hom-Poisson manifold.
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.. Overview of paper topic

In this paper, we modify the definition of Hom-Lie algebroids
introduced by Gengoux and Teles, by using the concept of Hom
bundles. Then we give the notion of Hom-Poisson manifolds and
show that there is a Hom-Lie algebroid structure on the pullback of
the cotangent bundle of a Hom-Poisson manifold.
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Let g be a vector space and [., .] : ∧2g = g⊗ g → g, a linear map.
An automorphism of (g, [., .]) is a linear map α : g → g such that
α([x , y ]) = [α(x), α(y)].
.
Definition
..

......

A Hom-Lie algebra is a triple (g, [., .], α) with a vector space g
equipped with a skew symmetric bilinear map [., .] : ∧2g → g and
an automorphism α of (g, [., .]) satisfying the Hom-Jacobi identity:
⟲x ,y ,z [α(x), [y , z ]] = 0, ∀x , y , z ∈ g.

.

......

Given a vector space (Lie algebra) gequipped with a skew
symmetric bilinear map [., .] : ∧2g → g and an automorphism
α : g → g of (g, [., .]), defined [., .]α : ∧2g → g by
[x , y ]α = α([x , y ]), ∀x , y ∈ g. Then (g, [., .]α, α) is a Hom-Lie
algebra iff the restriction of [., .] to the image of α2 is a Lie bracket.
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A Hom-associative algebra is a triple (A, µ, α) consisting of a
vector space A, a bilinear map µ : A⊗A → A and an
automorphism α of (A, µ) satisfying the Hom-associativity:
µ(α(x), µ(y , z)) = µ(µ(x , y), α(z)), ∀x , y , z ∈ A.
.

......

Given (A, µ) an associative algebra and α : A → A an algebra
automorphism, (A, α ◦ µ, α) is a Hom-associative algebra.

A Hom-associative algebra (A, µ, α) generates a Hom-Lie
algebra (A, [., .], α), when [x , y ] = µ(x , y)− µ(y , x).

A homomorphism of Hom-associative algebras (resp. Hom-Lie
algebras) (g, µg, α) and (h, µh, β) (resp. (g, [., .]g, α) and
(h, [., .]h, β)) is a linear map ψ : g → h such that
ψ(µg(x , y) = µh(ψ(x), ψ(y))) (resp.ψ([x , y ]g) = [ψ(x), ψ(y)]h)
and ψ(α(x)) = β(ψ(x)), ∀x , y ∈ g.
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Let A be a 2-vector space with a basis {e1, e2}. A multiplication µ
and a linear map α on A are given by µ(e1, e1) = e1, µ(ei , ej) = e2,
if (i , j) ̸= (1, 1) and α(e1) = λe1 + γe2, α(e2) = (λ+ γ)e2, where
λ, γ ̸= 0. Then (A, µ, α) is a Hom-associative algebra and
(A, [., .], α) is a Hom-Lie algebra with [ei , ej ] = µ(ei , ej)− µ(ej , ei ).
.
Definition
..

......

A Hom-Poisson algebra is a quadruple (A, µ, {., .}, α) with a
vector space A, bilinear maps µ : A⊗A → A and
{., .} : ∧2A → A and a linear map α : A → A such that satisfies:

(A, µ, α) is a commutative Hom-associative algebra,

(A, {., .}, α) is a Hom-Lie algebra,

{α(x), µ(y , z)} = µ(α(y), {x , z}) + µ({x , y}, α(z)), for all
x , y , z ∈ A.
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A purely Hom-Poisson algebra is a quadruple (A, µ, {., .}, α)
consisting of a vector space A, bilinear maps µ : ∧2A → A and
{., .} : ∧2A → A and a linear map α : A → A such that satisfies:

(A, µ) is a commutative associative algebra,

(A, {., .}, α) is a Hom-Lie algebra,

{x , µ(y , z)} = µ(α(y), {x , z}) + µ({x , y}, α(z)), for all
x , y , z ∈ A.

.

......

Let (A, µ, {., .}) be a Poisson algebra and α : A → A a Poisson
automorphism. (A, µα = α ◦ µ, {., .}α = α ◦ {., .}, α) is a
Hom-Poisson algebra iff {., .} (resp. µ) is a Lie bracket (resp. an
associative product) when restricted to the image of α2 and
(A, µ, {., .}α = α ◦ {., .}, α) is a purely Hom-Poisson algebra.
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Let A be a 3-vector space with a basis {x1, x2, x3}. The
following multiplication µ, bracket {., .} and a linear map α
on A define a Hom-Poisson algebra:
µ(x1, x1) = x1, µ(x1, x2) = µ(x2, x1) = x3. For a, b, c, d ̸= 0
let {x1, x2} = ax2 + bx3, {x1, x3} = cx2 + dx3 and α(x1) =
λ1x2 + λ2x3, α(x2) = λ3x2 + λ4x3, α(x3) = λ5x2 + λ6x3.

Given (M, π) a Poisson manifold with Poisson bivector field π
and φ : M → M a smooth map, then there is a Hom-Poisson
structure on C∞(M) if φ preserves the bivector field π:
πφ(m) = (∧2Tmφ)(πm), ∀m ∈ M and that the
Schouten-Nijenhuis bracket [π, π] vanishes on φ2(M) ⊂ M.
Hence, (C∞(M), µφ∗ = φ∗ ◦ µ, {., .}φ∗ = φ∗ ◦ {., .}, φ∗) is a
Hom-Poisson algebra with the usual product µ on C∞(M) and
(C∞(M), µ, {., .}φ∗ = φ∗ ◦ {., .}, φ∗) is a purely Hom-Poisson
algebra. (M, π, φ) is called a Hom-Poisson manifold.
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A pair (A = ⊕i∈NAi , [., .]) is a N-graded Lie algebra if

A is a graded algebra in which [An,Am] ⊂ An+m,

the bracket [., .] in A is graded skew summetric:
[x , y ] = (−1)pq[y , x ], for all x ∈ Ap, y ∈ Aq,

it satisfies the graded Jacobi identity:
⟲x ,y ,z (−1)pq[x , [y , z ]] = 0, for all x ∈ Ap, y ∈ Ar , z ∈ Aq.

.
Definition
..

......

A Hom-Gerstenhaber algebra is a graded Hom-Lie algebra
(g,∧, [[., .]], α) where (g = ⊕i∈Ngi ,∧) is a graded associative
algebra, α is an automorphism of (g,∧) of degree 0 and
[[., .]] : ∧2g → g is a linear map of degree −1 satisfying the
following Hom-Leibniz rule for all X ∈ gi , Y ∈ gj , Z ∈ g:

[[X ,Y ∧ Z ]] = [[X ,Y ]] ∧ α(Z ) + (−1)(i−1)jα(Y ) ∧ [[X ,Z ]]. (1)
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A representation (V , β, ρ) of a Hom-Lie algebra (g, [., .], α) on a
vector space V with respect to β ∈ gl(V ) is a linear map
ρ : g → gl(V ) such that for all x , y ∈ g the following satisfy:

ρ(α(x)) ◦ β = β ◦ ρ(x),
ρ([x , y ]) ◦ β = ρ(α(x) ◦ ρ(y)− ρ(α(y) ◦ ρ(x). (2)

.
Example
..

......

Let (g, [., .], α) be a Hom-Lie algebra. The linear map α can be
extended to a linear map α : ∧•g → ∧•g. The schouten bracket
[[., .]] : ∧•g⊗ ∧•g → ∧•g is obtained from [., .] for all xi , yj ∈ g by

[[x1 ∧ ... ∧ xm, y1 ∧ ... ∧ yn]] =∑
i ,j(−1)i+j [xi , yj ] ∧ α(x1 ∧ ...x̂i ... ∧ xm ∧ y1 ∧ ...ŷj ... ∧ yn),

(∧•g,∧, [[., .]], α) is a Hom-Gerstenhaber algebra. The adjoint
representation of g on ∧•g is given by adxY = [[x ,Y ]] for all
x ∈ g, Y ∈ ∧kg.
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Given an algebra automorphism σ of a commutative algebra A, a
σ-derivation on A is a linear map D(ab) = D(a)σ(b) + σ(a)D(b),
for all a, b ∈ A. We denote by Derσ(A) the set of all σ-derivations.
.
Theorem
..

......

Let (A = ⊕i∈NAi ,∧, [[., .]], α) be a Hom-Grestenhaber algebra.
Then (A1,∧, [[., .]]|A1×A1 , α|A1) is a Hom-Lie algebra and
(A0, ρ, α|A0) is its representaion in which for f ∈ A0 and X ∈ A1,
the map ρ : A1 → End(A0) is defined by ρ(X )(f ) = [[X , f ]] and a
α|A0-derivation of A0 is given as f 7→ ρ(X )(f ).
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A Hom-bundle (A, φ, α) is a vector bundle A over M, equipped
with a smooth map φ on M and a linear map α : Γ(A) → Γ(A)
such that α(fX ) = φ∗(f )α(X ), ∀X ∈ Γ(A), f ∈ C∞(M).

For the pullback bundle φ!A of A along φ, the corresponding
pullback section y ! at a point m ∈ M is given by y !(m) = y(φ(m))
where y ∈ Γ(A).
.
Example
..

......

For any bundle map Φ : φ!A → A, defined
ϕφ!A : Γ(φ!A) → Γ(φ!A) by ϕφ!A(x) = (Φ(x))! for all x ∈ Γ(φ!A).

Then, (φ!A, φ, ϕφ!A) is a Hom-bundle.

Hassan Arianpoor Hom-Lie algebroids associated to Hom-Poisson manifolds



Introduction
Preliminaries

Hom-Lie algebroid structures
Reference.

Example
..

......

Let φ be a smooth map on M. The pullback map φ∗ is a
homomorphism on C∞(M) as φ∗(fg) = φ∗(f )φ∗(g). Γ(φ!TM)
can be identified with Derσ(C

∞(M)), by mapping X ∈ Γ(φ!TM)
to the φ∗-derivation which maps f to Xmdφ(m)f at m ∈ M such
that X (fg) = X (f )φ∗(g) + φ∗(f )X (g). The map Adφ∗ on
Γ(φ!TM) is defined by Adφ∗(X ) = φ∗ ◦ X ◦ (φ∗)−1, for all
X ∈ Γ(φ!TM). Then, (φ!TM, φ,Adφ∗) is a Hom-bundle.
.
Definition
..

......

A Hom-Lie algebroid structure on a Hom-bundle (A, φ, α) is a
quintuple (A, φ, [., .], ρ, α) consisting of a Hom-Lie algebra
(Γ(A), [., .], α) and the anchor map ρ : φ!A → φ!(TM) such that
for all X ,Y ∈ Γ(A), f ∈ C∞(M) satisfy the following:
(i) α(fX ) = φ∗(f )α(X ), (ii) (C∞(M), ρ, φ∗) is a representation
of (Γ(A), [., .], α), (iii) the Hom-Leibniz identity holds:
[X , fY ] = φ∗(f )[X ,Y ] + ρ(X )(f )α(Y ).
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Linear endomorphisms α are in one to one correspondence
with vector bundle morphisms from φ!A to A over the identity
of M. A section of the pullback bundle φ!A is given by
mapping m ∈ M to Xφ(m) ∈ Aφ(m) ≃ (φ!A)m for X ∈ Γ(A).

Applying a vector bundle morphism from φ!A to A over the
identity of M to X , yields a section of A and α satisfies (i).

The Hom-Leibnizidentity implies that for sections X ,Y of A,
the value of [X ,Y ] at a point m ∈ M depends only on the
corresponding one on φ!A at φ(m).

The value of ρ(X )(f ) at m ∈ M is equal to
⟨dφ(m)f , ρm(Xφ(m))⟩, where Xφ(m) is the value of X ∈ Γ(A) at

φ(m) ∈ M and ρm : (φ!A)m ≃ Aφ(m) → (φ!TM)m ≃ Tφ(m)M
is the anchor map evaluated at m ∈ M.
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Let φ : M → M be a diffeomorphism. Then,
(φ!TM, φ,Adφ∗ , [., .]φ∗ , id) is a Hom-Lie algebroid where Adφ∗ is
given in the before example and a skew symmetric bileaner
operation [., .]φ∗ : ∧2Γ(φ!TM) → Γ(φ!TM), defined by
[X ,Y ]φ∗ = φ∗◦X ◦(φ∗)−1◦Y ◦(φ∗)−1−φ∗◦Y ◦(φ∗)−1◦X ◦(φ∗)−1.

Let (C∞(M), {., .}, φ∗) be a purely Hom-Poisson algebra on
C∞(M). The Hom-Leibniz rule implies that {f , .} is a
φ∗-derivation on C∞(M). There exists a bivector field (bisection)
π ∈ Γ(∧2φ!TM) such that {f , g} = π(df , dg) for all
f , g ∈ C∞(M). The bisection π on M is called a Hom-Poisson
tensor if [[π, π]]φ!TM = 0 and Adφ∗(π) = π.
In the before example, a Hom-Poisson manifold (M, φ, π) is
equipped with a Hom-Poisson tensor π.
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With the above notation,the following statements are equivalent:

φ∗({f , g}) = {φ∗(f ), φ∗(g)}, Adφ∗(π) = π, Adφ∗◦π♯ = π♯◦Ad†
φ∗

(3)

where Ad†
φ∗ : Γ(φ!T ∗M) → Γ(φ!T ∗M) is given by

Ad†
φ∗(ξ)(X ) = (φ∗ξ)(Ad−1

φ∗ (X )) and π♯ : φ!T ∗M → φ!T ∗M is a
bundle map defined by
π♯(ξ)(η) = π(ξ, η), ∀X ∈ Γ(φ!TM), ∀ξ, η ∈ Γ(φ!T ∗M).

.
Theorem
..

......

(C∞(M), {., .}, φ∗) is a purely Hom-Poisson algebra iff (M, φ, π) is
a Hom-Poisson manifold.
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Let (M, φ, π) be a Hom-Poisson manifold. Define a bracket on
Γ(φ!T ∗M) for all ξ, η ∈ Γ(φ!T ∗M) by

[ξ, η]π♯ = Lπ♯(ξ)η − Lπ♯(η)ξ − dπ(ξ, η), (4)

in which the differential operator d is defined on Γ(∧•T ∗M).
Given Φ : Γ(∧•T ∗M) → Γ(∧•T ∗M), for all X ∈ Γ(∧kT ∗M) and
Ξ ∈ Γ(∧kTM), define Φ† : Γ(∧•TM) → Γ(∧•TM) by
(Φ†(X ))(Ξ) = φ∗X (Φ−1(Ξ)). Then,

d ◦ Φ† = Φ† ◦ d , Φ†(LΞX ) = LΦ(Ξ)Φ
†(X ),

(Φ†)−1 ◦ LΞ = LΦ−1(Ξ) ◦ (Φ†)−1, d ◦ LΞ = −(−1)kLΦ(Ξ) ◦ d .(5)
.
Theorem
..

......

Let (M, φ, π) is a Hom-Poisson manifold. Then,

(φ!T ∗M, φ,Ad†
φ∗ , [., .]π♯ , π♯) is the cotangent Hom-Lie algebroid

where [., .]π♯ is given by the equation (4).
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