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Introduction

Introduction

@ The study of a classical and physical system is by
investigating certain conditions on the algebra of observables
which encodes so much imformation about it.

e Differential calculus over the commutative function algebra
which is closely related to that physical system.

@ The noncommutative version of the above theory is the
algebraic and geometric approach to noncommutative
function algebras.

@ One approach in this study is the quantization of coordinate
space using quantum groups.

@ An interpretation of the quantum space can develope the
appropriate theories on the quantized coordinate spaces
parallel to those on the classical ones.
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Introduction

Overview of paper topic

In this paper we deal with the deformation quantization of the
coordinate algebra of the quantum N-space and give the
construction of first order x-differential calculus which is based on
the formalism of x-product on a commutative algebra making it
into a noncommutative space. This formalism plays an important
role in developing fundamental concepts of the classical differential
calculus to the noncommutative generalization of the notion of
q*-differentiations on the quantum N-space and also provides
useful tools for the study of its geometry.
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Quantized Coordinated Space

Let C(z, ..., zy) be the associative, commutative, unital free
C-algebra of formal power series in N coordinates zi, ..., zy. The
quantum N-sapce is the quadratic algebra (CQ’ = Sl \yhere
R is the ideal generated by the relations z;z; — qz;z;, / <j and
0 # g € C. Functions on this space are considered to be formal
power series in z1, ..., zy. Set Z; = z; (modulo R), i =1,..., N.
The induced relations on C) are satisfied 2;2; = q;2;, i <.
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Quantized Coordinated Space

Let C(z, ..., zy) be the associative, commutative, unital free
C-algebra of formal power series in N coordinates zi, ..., zy. The
quantum N-sapce is the quadratic algebra (CQ’ = Sl \yhere
R is the ideal generated by the relations z;z; — qz;z;, / <j and
0 # g € C. Functions on this space are considered to be formal
power series in z1, ..., zy. Set Z; = z; (modulo R), i =1,..., N.
The induced relations on C) are satisfied 2;2; = q;2;, i <.

In general for the monomials,

(20)™ ()™ = q™™(Z)™(2)™, i<

(20)" (2. (1) (o) = gt ZI W i D ()t ()
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Quantized Coordinated Space

Let C[[h]] be the unital commutative algebra of formal power
series in h, (g = e”) with coefficients in C. Addition and
multiplication in C[[h]] are given formally by

a+b= Zan+b " ab= ZZa,n,

n=0 n=0 r=0

fora=3%"1"japh" and b= b,h".
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Quantized Coordinated Space

Let C[[h]] be the unital commutative algebra of formal power
series in h, (g = e”) with coefficients in C. Addition and
multiplication in C[[h]] are given formally by

a+b= Zan+b " ab= ZZa,n,

n=0 n=0 r=0

fora=3%"1"japh" and b= b,h".

h-Adic Topology

Topological tensor product of two algebras C(z, ...,ZN>®(C[[h]] is
C[[h]]-isomorphic to C(z1, ..., zn)[[h]], the algebra of formal power
series in h with coefficients in C(zi, ..., zy).
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Quantized Coordinated Space

N
C, can be regarded as a C[[h]]-algebra where the product of two

functions on (CQ’ will be a formal power series in 2y, ..., Zy with
coefficients in C[[h]].
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Quantized Coordinated Space

N
C, can be regarded as a C[[h]]-algebra where the product of two

functions on (CQ’ will be a formal power series in 2y, ..., Zy with
coefficients in C[[h]].

Poincare-Birkhoff-Witt property

By considering the normal ordering of the coordinates 21, ..., Zy
and given {(21)"...(2ny)™|i1, ..., iy > 0} as a C-vector space basis
for (quv, the dimension of the subspace spanned by monomials of a
fixed degree in 21, ..., Zy is the same as the dimension of the
subspace spanned by monomials in the commutative N variable.

H. ARIANPOOR *-CALCULUS ON QUANTIZED COORDINATE SPACE



Quantized Coordinated Space

Let Cx(z) be C[[h]]-module of formal power series in zi, ..., zy
with values in C[[h]]. An element of Cy(z) is of the form
f=2 0 in>0 fain(z1)".(z2n)™ with coefficients in C[[h]].
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Quantized Coordinated Space

Let Cx(z) be C[[h]]-module of formal power series in zi, ..., zy
with values in C[[h]]. An element of Cy(z) is of the form
f=2 0 in>0 fain(z1)".(z2n)™ with coefficients in C[[h]].

Quantized N-Space

A C[[h]]-module isomorphism W : Cp,(z) — CY, defined on the
generators by W((z1)™...(zn)"™) = (51)...(5n)™.

W can be extended to a C[[h]]-algebra isomorphism by the
following composition law on Cp(z):

fxg=W"H(W(f).W(g))

This relation makes Cj(z) into an associative, noncommutative
unital C[[h]]-algebra. The image of f € Cx(z) under W is denoted
by £ which is £ = S . o i in(21)0(En)M.
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Quantized Coordinated Space

The x-product satisfies the following commutation relation

f * g — q(zllfvz]_ kN*fﬂ*l(zi\’:—lr IS_Zi\I:Nf,qQ lf))g * f

k
where f =S £, (2)" o (2n)™, & = 3 gt (21) . (2M) Y.
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Quantized Coordinated Space

Lemma
The x-product satisfies the following commutation relation

f‘*g = q(Zf«V:]. kN7r+1(Zs 1 IS Zt N—r+2 ))g*f

k
where f =S £, (2)" o (2n)™, & = 3 gt (21) . (2M) Y.

The left multiplication Z; of functions by coordinates and the
scaling operators U!, Ui for i ,J=1,.... N, are defined by

(Zif)(z) = zif(z), f € Cp(z)

(Uif)(2) = F(az)
(U f)(z)=U,..Uf(z), i<

Fori>jand k <1, U,f;’j and Ué’,‘ are defined to be identity.
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Quantized Coordinated Space

g-differentiations on Cj(z)

The g-differentiation operator D;a (a € Z) is given by

_ f(2) = f(q°z)

Di.f(z) = W L(Di.F(2)) = a7 f € Cp(z)

for f = W(f) and f(qaf,') = f(fl, 5005 2,'_1, qaf,-, 2,'_,_1, 5005 2N)-
In the limit case ¢ — 1, Dg. tends to the usual partial derivative 9;.
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Quantized Coordinated Space

Lemma

The g-differentiations, the left multiplications and the scaling
operators satisfy the following equations

(i) UN(f+g)=UifxUig, UJ(fxg)=(Ujf)x(Ug)
(i) D’ Z; — ZD'a = U’

(iif) UyDis = q 2DL.Uj, ViDL, =DiUl, i#j

(iv) UZ—qaZ-U’ UZ-—Z-U7 i #J

(v) D '——IUDQ,,<J
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The Formalism of Universal *-Differential Calculus

Definition

The x-derivative operators 97 on Cp(z) are defined by

oo f=DLUP Ut =1, N
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The Formalism of Universal *-Differential Calculus

The x-derivative operators 97 on Cp(z) are defined by

oo f=DLUP Ut =1, N

Theorem

The x-derivatives OF satisfy the x-deformed Leibnitz rule:

3> (Fxg) = (> F)» (UsTNg) + (U T UITEN UkF) « (0F > g)

4
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The Formalism of Universal *-Differential Calculus

The x-product between x-derivatives 97, the scaling operators Ul
and functions of C,(z) are defined by

G*xf)>g=0'>(fxg
f*@*)bg—f*(@*bg
Fx O )b f= U0 > f

(

(

v , (B x U)o f =0 > (Uif)
(Ulx U)o f = UIULE,
(

(f *

(

Ui U)o f = (U UL )F

)
)
)
( a
oA *8*)>f_8* (aj*w)

Ulog=rFxUyg, (FxUd)pg=FfxUg

Uxfog=U(fxg), (UVxf)og=U(fxg)
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The Formalism of Universal *-Differential Calculus

The x-deformed Leibnitz rule and these equations holds:

O xzj=qzx0}, j#i

O xzi — q°zx OF = U£+1’N

Ulxzj =gz x UL, U;*ZJ':ZJ'*U;; JFi
U, x0F = q 207 x U}

Ulx UL = UL« UL

O x0f =q tOFx0F, i<
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The Formalism of Universal *-Differential Calculus

Theorem

Let (H, ) be the C[[h]]-algebra with generators 1, the x-derivatives
d's, scaling operators U.'s, their inverse (U:)~! = U’ and
funct/ons on Cp(z), with the x-product structure of Def/n/t/on (5).
Let A:H — HRH, € : H— C be defined on the generators by

Al)=181, A@G) =058 ™+ Uk U o o)
AU = (U ® (U)H, A =2 el+1e2.
£(1) = £(05) = (") = 0, <((UZF) = 1.

Then (H,*,n, A, ) is a bi-algebra with the unit map n(1) = 1.
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The Formalism of Universal *-Differential Calculus

Let H be a bi-algebra and H;, H, its sub bi-algebras. A left triple
(H1, Ha, H)-module algebra is a unital C-algebra M such that

@ M is a left H;-module algebra by the action of a C-linear map
a: Hy QM — M satisfies
ao (idy, @ @) = ao (g @idy), a(l®@m)=m

@ M is a left Ho-module bi-algebra by the action of a C-linear
map 8 : Hy @ M — M satisfies
/3 o (idH2 (29 ,3) = ﬁ o (mH2 (29 idM), ﬁ(l X m) =
m, Bo (idy, @ .m) = .m0 B o (An, @ idy) and
B(h®1) =e(h)l.
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The Formalism of Universal *-Differential Calculus

Theorem

Let KC be the sub bi-algebra of H generated by {1,095, (UL)*1}.
Then Cp(z) is a left triple (Cy(z), KC, H)-module algebra with
respect to the action of C[[h]]-linear maps

>y : Cp(z) ® Cp(z) — Cp(z) defined by >1(f ® g) = f x g and
Dot K ® (Ch<2> — (Ch<Z> given by l>2(F &® f) = Fupo f for

F e, feCpz) where for F = 0F, 0f>o f = 0* > f and for
F=U, Up,f=Uf.
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The Formalism of Universal *-Differential Calculus

Let KC be the sub bi-algebra of H generated by {1,095, (UL)*1}.
Then Cp(z) is a left triple (Cy(z), KC, H)-module algebra with
respect to the action of C[[h]]-linear maps

>y : Cp(z) ® Cp(z) — Cp(z) defined by >1(f ® g) = f x g and
Dot K ® (Ch<2> — (Ch<Z> given by l>2(F &® f) = Fupo f for

F e, feCpz) where for F = 0F, 0f>o f = 0* > f and for
F=U, Up,f=Uf.

Let Dery(z) be the C[[h]]-vector space generated by J*'s. A
C[[h]]-linear map « : Derp(z) — Cp(z) is called a x-one form on
Ch(z). The set of all x-one forms is denoted by Q}(z). It can be
made into a right C,(z)-module by the action (af)(D) = aD * f,
for f € Cp(z) and a € Q}(z), D € Dery(z).
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The Formalism of Universal *-Differential Calculus

Definition

Let diz; : Derp(z) — Cp(z) be defined on generators by

dizi(0F) = 9F >z = 051, (i,j =1,..., N) where d,z; € Q}(2).

It induces a C[[h]]-linear map d, : Cp(z) — Q}(z) defined by
di(1) =0, di(z) = d,z; and for f € Cp(z), di(f)(0F) =07 > f
where d,(f) = d.f € Q}(z).
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The Formalism of Universal *-Differential Calculus

Let d,z; : Derp(z) — Cp(z) be defined on generators by

dizi(07) = OF > zj = 051, (i,j =1,..., N) where d,z; € Q}(2).

It induces a C[[h]]-linear map d, : Cp(z) — Q}(z) defined by
di(1) =0, d.(z)) = diz;i and for f € Cy(z), d*(f)(af) = 81-* > f
where d,(f) = d.f € Q}(z).

Lemma

For f € Cp(z), we have d,.f = Z(d*z,-)(c?f > f) and any
o € Q}(z) can be written as o = Y_;(d.z;)a; where a; = a(9F).
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The Formalism of Universal *-Differential Calculus

The map d, satisfing the x-deformed Leibnitz rule holds the
following relations as the x-differential map on Cp(z):

do(f x g)(7) = duf (0F) x UST N g + UL LU N UL + d, g (87)
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The Formalism of Universal *-Differential Calculus

The map d, satisfing the x-deformed Leibnitz rule holds the
following relations as the x-differential map on Cp(z):

do(f x g)(37) = duf(0F) x UST N g o+ UL LU N UL + d, g (87)

Definition

The pair (Q%(z), d,) together with properties of the pervious
lemma and the present theorem is called the first order
*-differential calculus on Cy(z).
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The Formalism of Universal *-Differential Calculus

Let ¢ : H @ Q}(z) — Q}(z) be defined by
o(h, (dezi)ai) = (dszi)(h 12 )

for he H, dizi € Q}(z), «; € Chp(z) in the notation of the
above lemma where >1 2 =11, if h € Cp(z) otherwise, b1 2 = >o.
Extend it C[[h]]-linearly to the whole of H & Q7 (z).
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The Formalism of Universal *-Differential Calculus

Let ¢ : H @ Q}(z) — Q}(z) be defined by
o(h, (dezi)ai) = (dszi)(h 12 )

for he H, dizi € Q}(z), «; € Chp(z) in the notation of the
above lemma where >1 2 =11, if h € Cp(z) otherwise, b1 2 = >o.
Extend it C[[h]]-linearly to the whole of H & Q7 (z).

Lemma

The map ¢ satisfies the following equality

p(h1x ho, Y (dezi)ai) = p(hn, (o, Y (dizi)))

1 1

for hy, by € H, S .(dvzi)oi € QL(z).
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The Formalism of Universal *-Differential Calculus

Let (H, %o 7,1, A, ) be the opposite bi-algebra of (H,*,1n, A, €),
i.e. only the x-product of # is changed into x o 7 where

T - HQRH—>HRH, h @ hy— hy ® hy is twist operator.

Let ¢ : H @ Qk(z) — Q}(z) be defined like .

Obviously, for h1,hp € H, « € Q}(z),

@(hy * hy, @) = G(h2, §(h1, ) = p(h2, p(h1, a)) = (2 * hy, )

So ¢ defines a left action of H on Q7 (z).
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The Formalism of Universal *-Differential Calculus

Let (H, %o 7,1, A, ) be the opposite bi-algebra of (H,*,1n, A, €),
i.e. only the x-product of # is changed into x o 7 where

T - HQRH—>HRH, h @ hy— hy ® hy is twist operator.

Let ¢ : H @ Qk(z) — Q}(z) be defined like .

Obviously, for h1,hp € H, « € Q}(z),

@(hy * hy, @) = G(h2, §(h1, ) = p(h2, p(h1, a)) = (2 * hy, )

So ¢ defines a left action of H on Q7 (z).

Theorem

The compatibility of the left action ¢ and the x-differential map d,
is given by
deob12 =@ o(id ® dy)

This is called the twisted invariance of the x-differential calculus
(Q4(2), d).
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The Formalism of Universal *-Differential Calculus

The pair (}(z), d,) is characterized by the following universality
property:

Let ' be any right Cy(z)-module and 6 : Cp(z) — I be any
C[[h]]-linear map satisfying 61 =0, of =) .(0z)(0F > f).
Then there is a unique right Cp(z)-module morphism

Y : Ql(z) — T such that § = 1 o d,.
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