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Abstract. In this paper, we investigate the functional quantization interpretation of
the coordinate algebra of the quantum N-space and prove the existence of a first order
*-differential calculus on it. The approach is based on the formalism of x-product on
a commutative algebra making it into a noncommutative space. The x-derivatives are
constructed. They satisfy x-deformed Leibnitz rule and are contained in a bi-algebra.
The concept of x-one forms is introduced as the dual notion of the x-derivatives. In
this way a universal first order *-differential calculus, consistent with the opposite
bi-algebra is obtained.
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1 Introduction

Differential calculus over algebras is remarkable in its numerous applications ranging
from algebraic geometry to the physical theories. The standard and somewhat old ap-
proach to the study of smooth manifolds is by studying certain conditions on the algebra
of functions on it. But, what is new is that the notion of observables which comes from
physics and the concept of state of a physical system demand physical meanings of the
elements of the function algebra. All information about classical physical systems are
encoded in the corresponding algebra of observables. The formal approach towards this
procedure is the study of differential calculus. It follows that differential calculus needed
to describe physical systems is closely related to the corresponding function algebra.
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98 A x-differential calculus on functionally quantized N-space

The noncommutative version of the above theory is the geometric approach to noncom-
mutative algebras and construction of spaces which are locally presented by noncommu-
tative function algebras. This is the theory of noncommutative geometry [3] and have
been studied by both mathematician and physicists [5, 10, 13]. One approach in this
study is the quantization of space-time [1, 4, 11, 12, 14], using noncommutative geom-
etry and quantum groups. This approach plays an important role in most problems of
noncommutative field theory [5, 6, 7, 9].
After quantization of space-time, the space will no longer be set of points, however if
we can have an interpretation of the quantum space as set of its points, then appropri-
ate theories can be developed on the quantized spaces parallel to those on the classical
manifolds. In [11] it is shown that functional quantization provides useful tool for this
interpretation. This formalism represents the noncommutative structure of the commu-
tative space and provides tools for the study of noncommutative field theory. According
o [11], the functional quantization of a space is defined in the following way:
Let €1 and Q9 be two sets and zg € 2;. Assume that A is a unital C-algebra of complex
valued functions on 2; and A is an A-submodule of the unital A-algebra of an A-valued
functions on 2. Clearly, A can be considered as a C-vector space of the algebra of com-
plex valued functions on Q1 x 5. Assume that A admits an internal composition law
x such that (A, x) is an associative and not necessarily commutative unital A-algebra,
with unit Q2 — C, w ~— 1. The restriction of an element f € A to {zo} x Oy will
be denoted by fr,. Let B = {fs,| f € A} be a subalgebra of the algebra of complex
valued functions on Q3. Under the above assumption A is called an (xg, A)-functional
quantization of B and ® : A — B, f+— f(x0), the quantization map.
The framework of this paper is based on a x-product as the composition law of function-
ally quantized N-space. We consider the functional quantization of the free C-algebra
generated by coordinates z1, ..., zy. It is seen that the composition law of this quantiza-
tion comes from the quantum group symmetry of the quantum N-space of [8]. As we will
see this x-product plays an important role in developing concepts of the classical differ-
ential calculus to the level of functionally quantized N-space and hence provides useful
tools for the study of its geometry. In this point of view, the first order x-differential
calculus on the functionally quantized space is constructed in the following steps.
The notion of x-derivatives is defined in section 2. This is the noncommutative general-
ization of the notion of ¢2-differentiations [8]. It is seen that these x-derivatives satisfy
the x-deformed Leibnitz rule.
In section 3, we enlarge the functionally quantized N-space into a bi-algebra containing
*-derivatives. The notion of a triple module algebra is introduced. It is shown that this
bi-algebra induces the structure of a triple module algebra on the functionally quantized
N-space.
Finally in section 4, the notion of x-one forms are introduced as the dual concept of
*-derivatives. These are made into a module over the functionally quantized N-space.
This module structure is also enlarged, using the triple module formalism, to the level
of a bi-algebra module. In this way a universal first order x-differential calculus, twisted
invariant with respect to the opposite bi-algebra is constructed.
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2 Functionally quantized N-space and *-derivatives

Let C(z1,...,zn) be the free C-algebra generated by N coordinates zi, ..., zy. This is

the associative, commutative, unital C-algebra of formal power series in z1,..., zy. The
quantum N-space is the quadratic algebra
(C(Zl e ZN>
N
C, = % (2.1)

where R is the ideal generated by the relations zz; — qzjz;, ¢ < j and 0 # g € C,
representing the quantum group structure of the quantum N-space [8]. Functions on
this space are considered to be formal power series in z1,..., zy. The ideal R resembles
the quantum group symmetry of (Cév. Set Z; = z; (modulo R), i =1,...,N. Thereby in
(Cév the following relations are satisfied

éiéj = qéjéi, 1< (2.2)
In general for the monomials [2],
(20)™(25)™0 = ™™ (25)™ (2)™, 0 < (2.3)

GOl LG GOR L )Y = gCEE RIS L) (g htk (g HEY(9.4)

Set ¢ = e/ and let C[[h]] be the unital commutative algebra of formal power series in h
with coefficients in C. Addition and multiplication in C[[h]] are given formally by

a+b=> (an+bo)h", ab=> (O aby)h" (2.5)
n=0 n=0 r=0

for a =3 07 ya,h™ and b =3 7 1 b,h™. In the h-adic topology, C(z1,..., 2 )YQC|[R]]
is isomorphic to C(z1,...,zn)[[h]], the algebra of formal power series in h with coeffi-
cients in C(z1,. .., zy) [8]. Having this in mind, CY can be regarded as a C[[h]]-algebra
where the product of two functions on (Cév will be a formal power series in 21,...,2N
with coefficients in C[[h]]. We can have a functional quantization interpretation of this
quantum N-space [11], i.e. the space CN with coordinate functions z1,...,zy has not
been changed, but instead the algebra of functions on it is functionally quantized so that
the product of functions no more remain commutative. This is done in the following
way:

Let C be C[[h]]-module of formal power series in zi,...,2zy with values in C[[h]]. An
element of C is of the form

F=r@)= D> fuanE)m. . (2n)™ (2.6)
i1y 20

with coefficients f;, iy € C[[h]]. Thanks to the Poincare-Birkhoff-Witt property, by
considering the normal ordering of the coordinates 21,...,2Zy in (C(]]V , the dimension
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of the subspace spanned by monomials of a fixed degree in 21,...,2y is the same as
the dimension of the subspace spanned by monomials in the commutative variables
21,...,2N [14]. This together with (2.4) suggest a C-vector space basis for C(]]V consisting
of monomials of normal ordering, given by {(21)"...(2n)"V|i1,...,ix = 0,1,2,...}.
This leads to a C[[]]-module isomorphism W : C — C}’, defined on the generators by

W((z1)" ... (2n)'¥) = (1) ... (Bn)'N (2.7)

W can be extended to a C][h]]-algebra isomorphism by the following composition law
on C:
fxg=WHW(f)W(g)) (2.8)

for f,g € C. The relation (2.8) makes C into an associative, noncommutative unital
C[[h]]-algebra. In fact, C is the (0, C[[h]])-functional quantization of C(zy,...,zN) to-
gether with quantization map

®:C— C(z1,...,2N)
> Firin )T G S fi iy (0)(20) L (2w) Y (2.9)

It is called the functionally quantized N-space and denotegl by Cp(z).
The image of f € Cp,(z) in (2.6) under W is denoted by f which is

F=F@= D> fuanG)". ()N (2.10)

i1y0eyin >0
The commutative relation between elements of Cj(z) is given by:
Lemma 2.1. The x-product satisfies the following commutation relation
fag = g B (EI =Tl 2 g e g (211)
k k

where f =3 fll,~~-,lN(Zl)ll s (ZN)ZN7 U ng17--~7k1\/ (Zl) b (ZN) i
Proof. Tt suffices to prove the formula for the monomials. From (2.4) and (2.8)

(DM )™)Y % ()M ()Y = g Z Sl ki) (yhthn vtk
and likewise,

()" o (@)Y () (a)™) = g e ) ()1 ()b

On the other hand,

N-1 N N i—1 N N i1 N i—1 N
_Zkz lJ:ZkZ<ZlJ_ Z l])_zkiZlJ:ZkZ(ZlJ_ Z lj)—
i=1 j=i+1 i=1 j=1 j=i+1 =2 j=1 i=1 j=1 j=i+1
N-1 N N N—r N N-1 N
LY k= kvaaa(D L= Y )= L >k
i=1 j=i+l r=1 7=1 j=N—r+2 i=1 j=i+l

This completes the proof. O
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The left multiplication Z; of functions by coordinates and the scaling operators
Ui, Uy’ fori,j =1,...,N, are defined by

(Zif)(z) = zif(2), [ €Cplz) (2.12)
(Usf)(2) = f(q"=) (2.13)
(U f)2)=U ..U f(2), i<j (2.14)

For:>jand k < 1, U’ and Uk are defined to be the identity operators.
The notions of g-calculus and ¢-differentiations on noncommutative spaces are introduced
in [8]. We rewrite them on Cy(z). For a € Z, the ¢-differentiation operator Déa is given

by

() = fle*s)
(1—q%)%

for f € Cplz), f=W(f) and f(¢*%) = f(21,...,5i-1,4%i, Zis1,- - -, 2n). In the last

equality we applied (2.7) and (2.10). In the limit case ¢ — 1, Déa tends to the usual
partial derivative 9; with respect to the i-th coordinate. For any integer [, let

Dya f(2) = W (Dga f(2)) = W ) = (2.15)

g =~ (2.16)

Clearly, Dia(2,)" = [[n]]qe (2)" .

Lemma 2.2. The g-differentiations, the left multiplications and the scaling operators
satisfy the following equations

(i) Us(f*g)=Usf*Usg, Ug?(f*g)= (Ui f)*(Usg) (2.17)
(i1) DiuZ;i — ZiDiw = U} (2.18)
(iii) UiDi =q “DLU;, UjDi.=DLU], i#j (2.19)
() UsZi=q"ZiUs, UsZj=ZUs, i ] (2:20)

(v) DD’y =q "D}, Dye, i<j (2.21)

Proof. (i) is easily verified by using the definition (2.8) together with (2.13) and (2.14).
For (i7) from (2.12) though (2.15) we have

(DgeZi — Zi Dy )(f( ) = (1= a7 =) (Zif)(2) = (Zif)a") — Zi(f(2) = fa"2) =
(1= (f(2) = q"fla"=") = f(2) + £(q"2")) = (1 = ¢") T (1 = q") f(g"") = f(g"") = (Uf)(2).
To prove (iii) from (2.13) and (2.15),

(Usz NE) = (D)) = (1 - ") Ha"z) " (F(¢°=) — f(a™P20) =
T =) =) T ) () = (U H)(a%20) = = (DgaUp f)(2).
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The second assertion in (7i7) is obvious. Also
(ULZif)(2) = (Zif)(q"2) = ¢z f (¢"z) = “z(ULf)(2) = ¢ (Z:ULf)(2).

This proves the first assertion in (iv). Similarly, the second part is satisfied. For (v)
from (2.15) we can write

Dy (D2, f(2)) = Dy (L= ¢") ()7 (f(2) = f(d"2)) = (1 = ¢

Dia((z) 7 (%) = (1= ¢") (1 —¢

(2) 7 (g2, ")) = (1= ¢) 7' (1 = ") "N (z52) TN (f(2) = F(a"20) — f(d°z) + f(q"2i,0"2)) =
(1-¢) ' 1-¢""q %%>% D7 (f(2) = f(q2) — (%) + f(q*2i,¢°%)) =

¢ DL (1= (=) TN (f(2) = fa*2)) = a7 DL (Die f(2)).

O
A first order differential calculus on the quantum N-space (Cév is given in [8] by
b, — 10,0, i<
Oi%j = g0, i# ]
éiéi — qzii(i- =14+ (q2 — I)ZZAjaAj (2.22)
7>
2idz; = qdz; % + (q2 — 1)d§z,§], 1< J
Z/,:szi’l = qd?:’ifj, 1< ] (223)
From the above relations, the action of d; on the powers of coordinates is
0i(2))1 = ¢ (2)8 05, i #
Bi(2)" = (L] 2 (251 + ¢%(2)10; + (¢ — 1)] DY C(2)0; (2.24)

J>i

Definition 2.3. The g-partial derivative operators 9;, i = 1,... N on Cp(z) are defined
by

0if = WH0if), [eChlz) (2.25)
Remark 2.4. [2] Direct calculation and induction applied to (2.24) lead to the fol-
lowing Leibnitz rule for the monomials

)" (Dga((2)) 71 f(2) =
7 )TN (=) T (2) = (2)7 1f(qa21))_((Zj)_lf(qsz)_

i(z)1 .. (zn)V = q(ZillllHZzIf:iH?lk)DéQ ()" (Gan) + q(li+2§;;11lk)(zl)ll o (zn)N O,

N—i—1
i—1 . j—1
+qZimle (g2 =)Dl > kv ()L (2n) N Oy
J=0

r—1 i
q -1) Z q (Zi ZN*T*S)ZN_TD(JIZ ](zl)ll . (zN)lNﬁN_T].

(2.26)
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So for f € Cp(z),
alf — D;2U1].,’L*1U;+1,Nf + UI].,’L*].UiL‘F].,NU%faZ + (q2 _ 1)DZ,12U11,’L71 Z Zij
j=0

p
N—j+1,N N—j N—j+1,Ny7N—j+1,N—
O N fon i+ (@@ =)D Y an, Uy TN T  fay ) (2.27)
r=0
The problem with the operators 0; is that they are not consistent with the x-product,
in the sense that with respect to the x-product, the Leibniz rule is not satisfied. As we
will see the first summand in (2.27) is consistent with x-product.

Definition 2.5. Fori = 1,..., N, the x-derivative operators 9] on C(z) are defined by
Or o f = DLU Uyt g, (2.28)

In the special case where f = z; it is seen that 0 > z; = §;;1. This is the same
covariant first order differential calculus over a quantum space with respect to the Hopf

algebra Gly(N) [2, 8].
Proposition 2.6. The x-derivatives J; satisfy the x-deformed Leibnitz rule, i.e. for
f,9 € Cu(2)

O v (fxg) =0 v )= (U Ng)+ (U U N USF) * (0F » g) (2.29)

Proof. Tt suffices to prove the relation for the monomials f = (z1)" ... (2x)'N and g =
(z1)% ... (2n)*N. From the definition (2.28) by using (2.17) and the pull back of (2.4)
under W,

- i— i _ N-—-1 N
OF e ((21)" o (a)'Y % ()M (2)PY) = DU T, Y (g b e )
(z1)FR ()R = q(—Zf’;ll ker 0 ls)UlLi*lU;H,ND(i]Q((zl)lﬁ-kl o (zy) TR
_ q(_Zf«V:_ll Zé\[:r-kl krlS)Ull,iflUéJrl,NHli + kinQ (Zl)l1+k1 o (Zi)li—i-ki—l o (ZN)IN—HCQ‘?)O)

It is easy to see that [[l; + ki]l,z = 1+ ¢® + -+ + @UHh=1 = [[1;]] 2 + ¢®[[ki]] 2. Set
I, =1j, k;y=kjfor j#iand l;=1; — 1, k; = k; — 1 for i > 1. Then the identity (2.30)
is equal to

2 b B U U 1] g e D) () (2 ()Y ¢
()" (23)) o P [l p = B S () () ) () ()
)™} = U DR ()" () % g TR ()M (o)) g R ),
()" n)™) * D ()™ (2n)™)} = (0 0 ()" - (a) ™)) U 0T
@D )R @)™ + OO O T (()" L (a)) % (05 B ()"

(
(

- (2n)™)) = ( > (20" (2)™) U () (a)™) + O OO ()"
- (2n)M) % O e ()M (2n)™),

where in the last equality, we used the fact that U;Jrl’N(UliJrl’N)_1 = UliH’N. O
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3 The formalism of triple module structure

In this section the quantized space Cp(z) is enlarged into a bi-algebra. The bi-algebra
equips Cp(z) with a triple module structure, encoding its geometry. This will be shown
in the next section. There we will see that the structure of x-differential calculus on
Cp(z) is based on its triple module algebra. We start with the construction of the bi-
algebra. Proposition (2.6) shows that the x-derivatives are defined by their actions on
functions. With the help of the x-product of functions, we can define the x-product
between *-derivatives, functions and scaling operators.

Definition 3.1. The x-product between *-derivatives 97, the scaling operators Ul and
functions of Cp(z) are defined by

(O xf)pg =07 > (f*g) (3.1)
(fx0)pg=fx(9>g) (32)

(Uax 0> f=Ug(0F > f), (9 %Ug)> f =07 > (Usf) (3.3)
(UiUl) o f =ULULf, (U % U)o f = (UHUS)f (3.4)
(OF % 07) > f =07 > (97> f) (3.5)
(f*xU)>g=fxUspg, (fxU7)pg=f*Uzg (3.6)

)

U f)>g=Ui(fxg), (U7 % f)>g=Ui’(f*9g) (3.7

Remark 3.2. From the *-deformed Leibnitz rule (2.29), the equation (3.1) can be
written as

O f= 070 f)x Uy + (U U UL 0 (38)
Obviously, for f = z;
8;*zj:qzj*8§, j#l (3.9)
and for f = z;, A
OF % 2z — Pz x OF = ULSTHN (3.10)
From (3.6) and (3.7) we have
Ulszi=q"2;xUL, Ulxzj=2;%Ul j#i (3.11)

Relation (3.3) together with (2.19) give rise to the commutation rule between the scaling
operators Ul’s and the x-derivatives

Ul 0f =q *0f »U! (3.12)

Relation (3.4) shows that the scaling operators U! commute with each other
Ul Ul = U] «U. (3.13)
Relation (3.5) together with (2.21) lead to the commutativity relation for x-derivatives
O x05 =q 05«0, i<j (3.14)



H. Arianpoor and V. Milani 105

Equation (3.8) defines a x-commutator between *-derivatives and functions as oper-
ators:

Definition 3.3. For f € Cj(z), the x-commutator is defined by
05 5 f] = 0« f — (U UV UL )+ 0 (3.15)
From (3.9) and (3.10) it is seen that for f = z;, j # i,
0F % 2j] =0 xzj —qz; x0F =0 (3.16)

and for f = z;, ‘
[0F * 2] = USTEN (3.17)

Proposition 3.4. Let (H, ) be the C][h]]-algebra with generators 1, the x-derivatives
9’s, scaling operators U!’s, their inverse (Uf)~! = U’ , and functions on Cy(z), with the
*-product structure of (3.1) though (3.7). Let A : H — H® H, € : H — C be defined
on the generators by

A1) =101, A@))=0;0Us Y +ul* U Ul oy,
A(UD*) = (U)F o U™, AlR)=2"01+102" (3.18)
e(1) =£(9;) =e(z") =0, ((UH*) =1. (3.19)

Then (H,*,n,A,¢) is a bi-algebra, with  : C — H the unit map n(1) = 1.

Proof. We extend the coproduct A (counit €) on the x-product of generators to be
the x-product of their coproducts (counits) using the following x-product convention on
HOH,

(Fl ® Gl) * (F2 (%9 Gg) = (F1 * Fg) & (G1 * Gg)

where F;, G; € H are generators. This makes A , ¢ are algebra homomorphisms. It
is seen that they are both consistent with the *-product, i.e. with the commutation
relations (3.12) though (3.14). For p < v,

A0+ 03) = A0}) x A(05) = (93.6)* @ UMY + U Ui N Ul @ 0f) « (0 @ Uy Y +
UII,V—IU{/—H,NUé/ ® 8:) _ 8; * 8; Q UﬁH_l’NUg—H’N + Ull“u_lUiu—H’NUéLUll’y_lU{H—LNUS
®0); * ;.

On the other hand,
A(q 'Oy« 0) = ¢ ' A0) » A@) = ¢ (@ @ Uy + U oYU @ 0)) #
(a; ® Uéﬂrl,N + UlluuflUiqul,NUél, ® a;) _ q—l(a; *a; ® U;+1,NU£L+1,N + Ull,l/flU{FFl,N
UyUr U N UL @ o) % 0)).

So we see the equality

A8+ 05) = A(9}) x A(0)) = ¢ A(9]) » A(D}).
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In the same way from (3.12) and (3.13)
AU *0%) = A(UL) *» A@%) = (UL @ UE) » (85 @ USTHN + U~ 'uptNug  07) =
UL« 05 @ UeUSHH Y wupu ot N ug @ UL « 07
Which is equal to
g OA@*UE) = A A(UL) = ¢~ (35 @ U N + U UV ug )
(UL @ UL) = q~ 0% » UL @ ULULTHN - e #~ UiV ug @ 05 U
Finally, from (3.13)
AU+ U") = AUL) » A(UJ") = (UL U » (U @ UY') = UL x UL @ UL < Ul =
U «U @ U« UL = AU« UL) = A(UJ') » A(UD).
We can also see that for f € Cp(z),
Alf)y=f@1+1af, e(f)=0. (3.20)
And so
A(f%g) = AN *Alg) = (f@1+18 flx(g@1+10g) = (f+g)®(1x1) +(1+1) &
(frg)=(rg)@1+1(f*x9),
where 1 x 1 is equal to 1. Moreover,
A(f*05) = AN *A@)) = (fol+10 ) * @0 U™ + U P U @ 6)) =
frop@USt Y Uttt US @ f + 0.
And we have
A(f*UD) = A(H) * AU = (f & 1+1 f) % (UL @ UL) = f UL @ US + UL & fx UL,

A(05 * f) and A(UE * f) are calculated in the same way. To show the coassociativity of
A, we apply (A ®id) o A to the generators

(A®id) o A)(0}) = (A®id) (@5 @ U + U Ui N Ug @ 0%) =

@ U™ N LUt N @ 08 @ U Ut T N oy o b ot N oy
®d% =5 o UsT N oUuyttN Ul ot N U @ (05 o USTHY v U U N US @
%) = (id® A) (@5 @ USTHN + U Uit N UL @ %) = ((id @ A) o A)(95).

The same is true for the grouplike elements (Uf)*! and the primitive elements f. Also
for the counit

(e @id) o A)(3)) = (e @id)(Fy @ USHN + UL UP VU @ ) = e(9p) UL +
(U (U (US) ) = 0.

It is seen that (id ® €) o A gives the same result. For other generators it is easily seen to
be true as well. O
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Definition 3.5. Let H be a bi-algebra and Hy, Hs its sub bi-algebras. A left triple
(Hy, Ho, H)-module algebra is a unital C-algebra M such that

e M is a left module algebra with respect to Hy, i.e. there exists a C-linear map
a: Hy @ M — M such that a(a;@a(by®@m)) = a(a;.by@m), ai,by € Hi, me M
and a(l ® m) = m.

e M is a left module bi-algebra with respect to Hs in the sense that there exists
a C-linear map 8 : Ho@ M — M such that S(az ® B(bs ® m)) = B(az.by ®
m), agz,be € Hy, m € M, 3(1om) =m, f(h®a.b) =3 B(h)®a)B(he)@b) and
B(h®1) = €(h)1 where we write the Sweedler notation for A, A(h) = > hq)y®h(g)-

Proposition 3.6. Let K be the sub bi-algebra of H generated by {1,097, (UI)*!, i =
.,N}. Then Cp(z) is a left triple (Cp(z), K, H)-module algebra.

Proof. It follows from proposition (3.4) and relation (3.20) that Cp,(z) is a sub bi-algebra
of H. Let the C][[h]]-linear map >1 : Cp,(z) ® Cp(z) — Cp(z) be defined by

>1(f®@g)=fxg, f.g€Cnz) (3.21)
Obviously,
>0 (id(Ch(z> & \>1) =P 0 (* ® id(Ch<z))-

and >1(1® f) = 1% f = f. This makes Cp,(z) into a left module algebra.
Define the C[[h]]-linear map > : K ® Cp(z) — Cp(2) by

Do(F & f) =Fra f (3.22)

for F € K, f € Cy(z) where for F = 9, 9o f = 0> f and for F = U¢, Uiy f = ULf.
Relations (3.3) through (3.5) show that

g o (idx ®P2) =g o (x ®idg, (2))-
Relations (2.17) and (2.29) can be rewritten as
> (fx9) =% (A@) > f @ g) =x0 (0> )@ (U5 Ng) + (U U ULF) @ (9> 9)
= (05> f) % (USTNg) + (U U N UL ) % (0% g).
(U o (frg) =% (AU > f@g) =%o (U™ f o (UL g) = (U™ f» (UL
= (UH* (f*9).
Consequently,
o(F @ fxg) =Y ba(Fy) @ f) xba(Floy ®9g), ba2(1®f) =,
where A(F) = F(;) ® Fg). Also
>o(0y @ 1) =052 1 =0=¢(d;)1
Po((U) ™ @ 1) = (U b2 1 =1 =e((UL)* 1.
This shows that Cp(z) is a left module bi-algebra with respect to K. O
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4 Twisted invariant structure and universal first order
x-differential calculus

So far the triple module structure of C(z) is established. Now we are equipped enough
to study its geometry. In this section the notion of x-one forms are introduced as the
dual concept of x-derivatives. Following this, the %-differential calculus is constructed.
The triple module formalism on Cp(z) induces an H-module structure on the space of
*-one forms which is invariant with respect to the opposite bi-algebra, so called twisted
invariant. The universality property of the x-differential calculus is a consequence of
these structures.

Definition 4.1. Let Dery,(z) be the C[[h]]-vector space generated by {9, i =1,...,N}.
A CJ[[h]]-linear map « : Derp(z) — Cp(z) is called a x-one form on Cp(z). The set of all
x-one forms is denoted by Q} (2).

Q} (z) can be made into a right Cy(z)-module by the following action

(af)(D) = aD * f, (4.1)
for f € Cp(z) and o € Q;}(2), D € Derp(z).

Definition 4.2. For i = 1,..., N, let d,z; : Derp(z) — Cp(z) be defined on generators
by

d*Zl(a;) = 8]* >z = 5’531 (42)

So diz; € Q}(z). It induces a C[[h]]-linear map d, : Cp(z) — QI (z) defined by
dy(1) =0, di(zi) = dyz; and for f € Cp(z),

du(f)(07) = 05> f (4.3)
Obviously, di(f) = dif € Q. (2).

Lemma 4.3. For f € Cp(z), we have

d.f =3 (dez) 0 ) (4.4

Proof. Since both sides are C[[h]]-linear maps, it suffices to check the equality for the
basis elements JF. From the second equality in (4.1) we have

(O (dez) (@2 F)E)) = S (daz) (@) % (3 > £) = 0} > | = duf (D).

7 7

O]

Proposition 4.4. The map d, satisfies the x-deformed Leibnitz rule (2.29) in the sense
that it satisfies the following relations

du(f % 9)(0F) = du f(97) x Uy N g+ UL U NUS £ dag(0)) (4.5)

It is called the *-differential map on Cy(z).
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Proof. The proof is by direct calculation applying relations (4.3), (2.29) and the asso-
ciativity property of x-product. O

Remark 4.5. Any a € Q] (z) can be written as o = >, (dxz;)a; where a; = «(8}). This
is true since on the basis elements 07 we have

O (dz)ai)(35) = 3 () @)a = oy = (@)

where in the first equality we used (4.1) and in the last equality we used the fact that «
is C[[h]]-linear.

Definition 4.6. The pair (Q}(z), d.) together with properties of definition (4.3), propo-
sition (4.4) and remark (4.5) is called the first order *-differential calculus on Cy(z).

In what follows we see that there exists a left action of the opposite bi-algebra of H
on Q7 (z) which is compatible with the x-differential map d,.
Let ¢ : H@Q Q4 (2) — Q1 (2) be defined by

@(h, (dizi)ai) = (dizi)(h>12 ;) (4.6)

for h € H, dyz € Q}(z), a; € Cp(z) in the notation of the remark (4.5) where b1 9 = b1,
if h € Cp(2) otherwise, >1 2 = >o. Extend it C[[h]]-linearly to the whole of H @) Q7 (2).

Lemma 4.7. The map ¢ satisfies the following equality

p(h1 % ha, Y (dezi)ai) = o(ha, (ha, Y (duzi)ei) (4.7)

for hqi,hy € H, Zi(d*zi)ai € Qill<z>

Proof. From the associativity of the x-product for > = > and relations (3.1) though
(3.7) for > =y,

(,D(hl * hg, (d*zl-)ozi) = (d*Zz)((hl * hg) > Oél') = (d*zz)(hl > (h2 > Oéz)) = (,D(hl, (d*zi)(hg > Oéz))

p(h, o(he, (dezi)ai))
O

Let (H,* o 7,1m,A,€) be the opposite bi-algebra of (H,x,n,A,¢), i.e. only the *-
product of H is changed into x o 7 where 7 : HQRQH — HQRQH, h1 @ hy — ha @ hy
is twist operator. Let ¢ : H@ QL(z) — QF(z) be defined as in (4.6). Obviously for
hi,he € H, «a € Qi (2),

@(hl * ha, a) - @(h% (ﬁ(hlv 04)) - @(h% 90<h'17 a)) = (P(hQ * hi, a) (4'8)

So ¢ defines a left action of H on Q} (2).
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Proposition 4.8. In the above notations and conventions, the compatibility of the left
action ¢ and the x-differential map d, is given by the commutativity of the following

diagram.
>1,2

HQCulz) —— C(z)

1d@d J{ J{d*

HQ () —— QU(2)
This is called the twisted invariance of the x-differential calculus (Q}(z), dy).

Proof. For h € H, f € Cy(z) we have
P(h,dif) = ¢(h Z dez) (0F > f)) Zgo (dzi)£)) =D 0(0F %, (duzi) f) =
> (dz) (97 xh)v f = Z 220) (0 > (he1a f) = du(hviz f).

7

The pair (2} (z), d,) is characterized by the following universality property:

Proposition 4.9. Let I" be any right Cj,(z)-module and § : C,(z) — I' be any C[[h]]-
linear map satisfying 61 = 0, o6f = > ,(02)(0F > f). Then there is a unique right
Cp(z)-module morphism 1 : 2} (z) — T such that § = ¢ o d,.

Proof. Define 1 on the generators d,z; by 1(d.z;) = dz; and extend it to a right Cp(z)-
module morphism on Q} (z) by

w(Z(d*Zi)Oéi) = Z((Szz')ai (4.9)

for ", (dwzi)a; € Q1 (2). Clearly, 1 o d, = §. Furthermore if ¢’ is another right Cj,(z)-
module homomorphism with § = 1)’ o d, then we must have

¢'(Z (dyzi) i) Zw (dezi)ai = Y (0z)ai = () (duzi)v).

) 7

So 1 is unique. O
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