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Abstract

Inertial stabilization of a sensor mounted on non-
stationary platformsis an important task in many
applications such as image processing,
astronomical telescopes, and tracking systems.
For this purpose, some type of gimbaling
arrangementsis typically used. For implementing
the LOS sabilization, usually a two-axes gimbal
system is used which the sensor is mounted in the
inner gimbal. The dynamic modeing and
designing the control system for two axes gimbal
system have been studied extensively, but there is
a few works on three axes gimbal system. In this
paper, the equation of motion for a three axes
gimbal system isderived by the moment equation.
The effect of angular velocities of the baseinto the
gimbaled dynamic system and cross-coupling
between gimbals are presented. In addition, some
critical notes are presented for constructing the
gimbal assembly. Moreover, a mode based
control strategy is proposed for controlling the
gimbal dynamics.

Keywords. Gimbal system, Inertial Stabilization
Platform, Equation of Motion, Dynamic System.

1. Introduction

nertial stabilization of a sensor (such as
Television, Telescope, IR, Radar, and Laser)
mounted on non-stationary platforms is an
important task in many applications such as
image processing, guided missiles, astronomical
telescopes, and tracking systems [1-5]. In such
systems, the Line-of-Sight (LOS) of sensor must
be pointed to a constant or a moving target while
the base of the sensor is a moving platform. For
this purpose, some type of gimbaling
arrangements equipped with inertial sensors is
typically used [2, 6]. For implementing the LOS
stabilization, usualy a two-axes gimbal system
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is used which the sensor is mounted in the inner
gimbal. Two rate gyroscopes are placed beside
the sensor which measures the angular velocity
of the sensor in the inertial space. The output
signal of the gyroscopes is used as feedback to
the gimbal torquers through a control system to
make the LOS of the sensor follow certain rate
commands [7-9].

In many applications, LOS stabilization is
enough for reaching the requirements [10, 12].
However, in some applications such as camera
stabilization, the LOS direction could be
stabilized with the help of mentioned gimbal
configuration, but the image rotation cannot be
compensated and cause performance
degradation. For doing this, an extra gimbal
should be provided to achieve image rotation
compensation and better isolation from the base
movements and disturbances.

Different kind of disturbances is affecting the
sensor including platform movements, cross
coupling between gimbals, and some
imperfections in the gimbals mechanism. To
keep the sensor direction constant in the inertial
space, these disturbances should be rejected or
attenuated. Therefore, dynamic modeling of the
gimbaled system is necessary for identifying
these disturbances and designing a control
system structure. The dynamic modeling and
designing the control system for two-axes
gimbal system have been studied extensively
[10, 13-17], but there is a few works on three-
axes gimbal system.

In this paper, the equation of motion of athree
axes gimbal system is derived by the moment
eguation. The effect of angular velocities of the
base into the gimbaled dynamic system and
cross-coupling between gimbals are discussed.
In addition, some critical notes are presented for
constructing the gimbal assembly. Moreover, a
control strategy is presented for controlling the
gimbal dynamic.

The organization of this paper is as follows.
In Section I, the kinematics of the gimbal
system is presented. In Section Il1, the equation
of motion for the system is derived by the
moment equation. In Section IV, a control
strategy is proposed and the inverse kinematics
is presented. Finaly, Section V concludes the

paper.
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2. Gimbal System Kinematics

Consider a three axes gimbal system and related
reference frames as depicted in Figure 1. As it
shown in this figure, five reference frames are
introduced: the inertial coordinate frame I, a
body-fixed frame B, and three frames Y, P, and
R fixed to the yaw, pitch, and roll gimbals,
respectively. The sensor is placed and fixed on
the roll gimbal (frame R) which x,-axis
coincides with the sensor optical axis or the
sensor LOS. Axes directionsin frame | and B are
as usual as flight dynamics which z-axis pointing
down and y-axis is aong the right wing [18]. All
frames origins are coincident and the gimbals are
considered asrigid bodies.

The body-fixed frame B is carried into frame
Y by apositive angle of rotation g, about the z,
-axis. Frame Y is carried into frame P by a
positive angle of rotation g, about the vy, -axis.
Finally, frame P is carried into frame R by a
positive angle of rotation g, about the x, -axis.

Hence, we have the following transformations
with respect to these rotations:
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Fig 1. Reference frames of athree-axes gimbal
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where ¢/ isthe transformation from frame i to
j,andc =cosqg , s =sing .
Assumption 1: It isassumed that
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o2 =[p q r], (4)

is measured, where of, is the angular velocity
of frame B respect to frame |, and introduced in
frame B. Note that most of moving platforms
which the sensor mounted on them (such as
helicopters, missiles, ships, and etc.) uses Inertial
Measurement Unit (IMU) for navigation system.
Hence, o, ismeasured and available.

Angular velocities of frame Y, P, and R
respect to frame I, and introduced in its own
frames are:
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where C,, ¢}, and c} areintroduced in (1)-(3).
The inertia matrices of the gimbals are

< (50 (po, +as, ) +c,
(5o (pe, +as, ) +co

I}
> Dy (D> D D

—
+

»
;
s B

3, =diag{dy, .3y 3.}, (8)
Jp =diag{Jn, . Jny Jer}, ©)
Jp =diag{In Jny  Jna} (10)

where diag{J,..J,, ...} refers to a rea matrix
with diagonal elements J,.,J3,,.3,, (k =Y,P,R).

For simplicity the off-diagonal elements of
inertia matrices, the products of inertia, are
assumed to be neglected and just the moments of
inertia are considered. In addition, it is assumed
that the centers of mass of gimbals are located in
the centers of their common rotation. In other
words, it is assumed that there is no mass
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unbalance in the gimbals. Furthermore, external
lumped torquest, ,t,, andt , aboutz, ,y, ,and x,
axes, respectively, are applied to gimbals from
motor and other external disturbance torques.

3. Equations of Mation

Consider arigid body and a reference frame x,
y, and z fixed to this body. Also, assume that this
body has inertia matrix J and rotate in an
inertial frame with angular velocity o, then the
angular momentum of the body will be H =Jo .
Hence, The moment equation for the body is
t=dH/dt +e” H, where t is the total external
torques [19]. In the following, the equation of
motion for the gimbals will be derived separately
with the help of the moment equation.

2.1. Rall Channel
The angular momentum of the roll gimbal is

é]Rx pRL:‘I

— _€ u
Hg =Jz0k =&l br
gJRer H

where the parameters are introduced in (7) and
(20). So, the moment equation for the roll gimbal
can be written as

TR = dHy +ol Hg.

dt

(11)

(12)

Since the roll gimbal can only rotate about its
x-axis, the moment equation (12) about this axis
with respect to (11) and (7) is
te :‘]Rx ,&R +(‘]Rz - ‘]Ry)QRrR '
With substituting (7) in (13) and derivation p,, ,
(13) can be written as
‘]Rxé&R =ty +JR>< (&PCP (I’ +(¥( )+(§‘PSP (pCY +as, )

+s, (k+& )- c, (e, +ds, - d ps, +d o, ))- (Jn - Iy )’

(w (s (pe, +as, )+ep (r+dk ))+eq (ds +ac, - ps, ))

(CR (SP (pCY +as, )+CP (I’ +&v ))' Sk (&P +qc, - Ps ))
(14)

(13)

Assumption 2: It is assumed that
Jo, =9

z — YRy *

(15)

Remark 1. The assumption 2 is a practical
and critical point and should be considered in the
mechanism design procedure. Considering this
assumption in implementation phase will be
reduced interaction, increase the performance,
and simplify the controller design.
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With considering Assumption 2, (14) can be
written as

JRX&R :t R +t RI +t RB (16)
where

ta =Jp (d‘V&PCP +&Sp)

is the interaction between yaw and pitch
channelsto roll and

17

tee = Jn (dorce +15, +ds. (pe, +as, )
¢, (e, +ds, - d ps, +d,ac, )

isthe effect of base movementsto roll channel.

From (17), it is obvious that in the case
g- =+90 the rotation axis of yaw and roll
channel will be coincident and have same effect
on the sensor. Hence, how much the pitch
rotation deviate from zero, the interaction
between the yaw and roll channd will be
increased. In addition, changing the angular
velocity of the base around z-axis (&) has the
same effect on the roll channel. Moreover, in
(17), J. & d.c. is the coriolis effect from yaw
and pitch channels to the roll channel.

(18)

2.2 Pitch Channel
The angular momentum of the pitch gimbal is

HP :‘]P(DIPP +(CE)T ‘]Rmﬁ;
Jp,Pp + 3, (s +s)
prP +‘]RyCR (QPCR +rPSR)_ ‘]RZSR ('QPSR +rPCR)u
Je. e +‘]RySR (qPCR +rPSR)+‘]RzCR (' UrSr +rPCR)g
(19)

where the second part of the equation is the
angular momentum of the roll gimbal
transformed to pitch frame. The moment
equation for theroll gimbal is

. =0H,

S

@m) (0N

u
a
G.

@y D>

(20)

+op, H,.

Since the pitch gimbal can only rotate about
its y-axis, the moment equation (20) about this
axis with respect to (19) and (6) is
tP :dP (‘]Py +‘]RyCI§ +‘]RZSI§)+I&PSRCR (‘]Ry - ‘]Rz)

+qp (Z*RSRCR + pPSRCR)(‘]Rz h ‘]Ry)
+ rpd"R ((SFZe - Cé )(‘]Rz - ‘]Ry ) +Jp )

TPl (‘]Px +‘]Rx b ‘]Pz - ‘]Rysé h ‘]ché)'

(21)
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With substituting (6) in (21) and derivation q,
and r, , (21) can be written as

I =t, +3, (Bs, - de, +das, +d pe, )
+(c?c (pc, +as, ) +s, (e, +ds, - & ps, +d,ac, )
¢ (84 )- dos; (1 +d, ))secn (s, - 95, )
+(qq - ps, + ) (I, - Jn. ) (2hesice +
(cp (pc, +as, )- s, (r +d, ))SRCR)
-d (se (Poy +as, ) ven (r+d ) (52 - €2) (9 - Iy )+ 3w
- (oo (pe, +as, )- s, (r +d, ))(Sp( pe, +as, ) +c, (r+d, ))
(Jp +3n = I, - c2)

(22)
where J,. =J,, +J,ck +J,,s; isthetotal moment

of inertia of the pitch gimbal bout y-axis.
With considering Assumption 2, (22) can be
written as

(‘]Py +‘]Ry )d&P =lp +lp Hlig, (23)
where
ty :-JRX*&RCP +2(£ZSPCP (‘]Px e = e - JRV) (24)

is the interaction between yaw and roll channels
to pitch and

tes =(Joy +35 )(Bs, - de, +das, +d pe, )
+C§« (55 - CF%)(pcv +as, )+23PCPr)(‘JPx g - Jp, - ‘]Ry)
(20 (pe, +as, )- 2507 - sodk )(s» (o, +as, ) +cor)
+(§VCP (C pc, +q5v ))(‘Jpx +‘JR>< - ‘]Pz ) ‘JRy)
d (s» (pc, +as, +rcp),
(25)

isthe effect of base movements to pitch channel.

Remark 2: If in the mechanism design the
relation between moments of inertial be how
(Jp +3n - Jp - Jgy ) » 0, the gimbal interactions

and effect of base movements on the pitch
channel would be reduced.

2.3. Yaw Channel
The angular momentum of the yaw gimbal is

Hy =3,0), +(C7)' (3,07 +(cE) I0f)

e‘]YxpV +JrCo + Pp (IpCo +JpeCp ) U
u

:‘:3 Jyy O +qP(‘J O+ e S) u

g] ér:z rx Sp +pp( JncSe +‘]RXSP)E

g (J +Jp,Sp +Jg,C )+qPSPCRSR(‘]Ry-JRZ)B
+g loCr Sk (J -JRZ) ﬂ
gr (J +Jp, Sk +Jg,C )+quPCRSR (JRY_JRZ)H

(26)

where the parameters are introduced in (2)-(10).

In this equation, the angular momentum of the

pitch and roll gimbals transformed to yaw frame.
The moment equation for the yaw gimbal is

dHY Y -

Lo +o), " H, . (27)

Since the yaw gimbal can only rotate about its

z-axis, the moment equation (27) about this axis

is

ty = Yxl& Jnse +3,,0 Py +dhoCe (P Co - 1S5’
(Ja - Io)- Jnhedeco +(Bco - dopy s - P-(fPchp)'
(I - o )se +(Byso +8 By Co - dory s, )
(30, +3myS2 30,02 )- dos, (B, 5o +1,Co )
(35, +3g,82 +35,C2 ) + 2 50CkCo (B S +1,Cp )
(9ny = Ira )~ 6 Co (PrCo - 150 (I +J)
st (4, 76 ) (30 - 30)- 3,00, - e
o b i )0 - 0]
(-0 p (Jex *+ 3y 2+ 3002 )+ Py CaSe (I, = I )’
(B, +1,Co )+, (qY +C§‘p)(~]py +JoyCh +JRz3r2z)
-0, 5502 (o +d ) (e - Iee )-
(28)
With substituting (5) in (28) and derivation p, ,
g, ,and r, , (28) can be written as
bl =t -0,y 8,05, (3 - 3n)
- (B, +ds, - d, ps, +d,ac, )(CoSs (Ine = Ip ) #5632 )
-CoCeSy (doy - Bs, - das, - d pg, )(Jn - In)
- (pe, +as, )((der - ds2) (3 - Ip ) +dosZIpr, +
+2,SeCrCoSp (Jry = e )+ (J5, +35,C2 +JRZs§))



KAZEMY AND SIAHI :EQUATIONSOF MOTION EXTRACTION FOR A THREE AXES GIMBAL SYSTEM

-(ch - psy)('(fR‘]RxCP-'-
+(-dosoCesy - drcos? +dicoc? - dhsuct ) (3, - 3n.))
. 2@ 24,¢.Sp (Jre - Inc ) - C?Sp(lﬂp)sz?
( &Y)g+2cftscc( - e, ) 5
agvy' P(‘]F’x +JRx)+‘]PT o

- - +qs, ) +
(ac, - ps )(pe qu)g-sg(Jpz +Jg,Sp +J CFZQ)-JY =

X @
- (r+d )(ac, - ps, )(CoSe (Ip +3g0 ) SoCoders )

= ((poy +as, )(r +d Jescase - (e, - ps, )"spc2 )’

(3ry - Jre )~ CaSeSe (PO, +0S, ) (Igy - Jre ) +Irlse
+dedocy - o (-dospcase - decos? +dicocl ) (In, - 3n.)

(29)

where

JPT :‘]Py +JRyCF2z +JRzSF2z 7‘]F’TZ
and

yr = (‘]Yx +SP2 (‘]Rx h ‘]Px)+CP (pcv +as, )‘]PTZ) isthe
total moment of inertia of the yaw gimbal about
Z-axis.

With considering Assumption 2, (29) can be
written as

:(‘]Pz +‘]RySI§ +‘]RZC|§) ’

JYT& :tY +tVI +tYB’ (30)
where

i :(‘]Yx +S§ (JRX - ‘]Px)+CP (pcv +as )(JF’Z +‘]Ry )) !

tw = Zi(&PCPSP (‘]Rx - ‘]Px ) 'Hi«(fpsp
+‘]Rx(§&RSR +‘]Rxd‘Rd‘pCp,

(1+cs )(3n +3s))

(31
is the interaction between pitch and roll channels
to yaw and

t, :'(r+(§«)(qcv - psy)(c Sp (I +me )~ S6Cp (Ip, +35 ))
- (e, +ds, - d, ps, +0?qu)(cpsp (JR 30 )50 (30 +35,))
- (pe, +as, )((dvce - dos?) (I, 62 (3 +34,)

+d, (JF’Y * gy ))+&Prsp (1+CP)(‘]Py +‘]Ry)' 8,

- (e - b3, )(pey +08, ) (3, - €2 (In +3m )+ g, +3p,
$2(Im + 3y )~ I )+ 2horces, (3 - 350 ),

Px
2
p

32

isthe effect of base movementsto yaw chann(el. )
Remark 3: The effect of base angular
velocity (ef ) into channels is twofold: direct
and indirect effect. Asit shownin (18), (25), and
(32), some parts don’t multiply to &, ¢, and d,
which are the direct effects. The rest are indirect
effects which influence the channels first and
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then, affect the other channels from the
interaction between them.

4. Control Strategy

For stabilizing the sensor in the inertial space,
it is necessary to measure the angular velocity of
the sensor (frame R) with respect to inertia
frame. Therefore, three rate gyroscopes are
placed beside the sensor and measure the angular
velocity of the sensor in the inertial space (o ).
In addition, gimbal rotation angles (g, g, , and
g, ) are measured with resolvers.

Remark 4: Due to mechanical restrictions,
the yaw and pitch angles have the following
limitations:

(33)

<2 ol <5

but the roll angle can rotate freely.

The aim of inertial stabilization of the sensor
is to control the angular velocities of gimbal
rotations to keep o}, to zero or follow a certain
trajectory with respect to platform rotations
Keywords (o) and in the presence of

disturbances. In thisway, for finding 4., 4., and
¢ from of, the inverse kinematic equations

should be solved. Note that there is no need to
measure them directly, instead, they can be
obtained analytically. According to (7) it is
straightforward that

cf‘v :qRSR +rRCR 'CSP(pCY +q5v)_ r, (34)
d. =0geCq - TeSe - 00, + S, (35)
d: = pe +s, (r +d )- o (pe, +as, ) - (36)

Figure 2 shows the control diagram for this
system. In this figure, 6=[q. a0, q],
b=gf. & d § . and (of), is the reference
signal for tracking problems and usually

/ 0
Inverse Controller TJ' Dynamic Kinematic
Kinematic (Inner) ) Modef - Equation
4 4 NR— L —
0 Gimbal System

(o)

Figure 2: Control diagram
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Model Based Controller

PID
Controller

Figure 3: Model based controller for the inner loop control

produced from image processing algorithm or
introduced directly by the operator. The inner
loop controller is to control the gimbal
dynamics, while the outer loop controller is for
reducing the tracking error.

The outer loop controller could be a simple
PID controller and the inner loop controller
could be a model based compensator as it shown

in figure 3. In figure 3, 7, =[t, t, t,] and
Ty =[tee tw tw] ., Where the parameters
therein are introduced in (16), (23), and (30).

5. Conclusion

This paper considered the equation of motion
derivation for a three axes gimbal system with
the help of moment equation. The effect of
angular velocities of the base (host vehicle) into
the gimbaled dynamic system and cross-coupling
between gimbals were presented. Moreover, a
control strategy was presented for controlling the
gimbal dynamic. Remark 1 and 2 proposed some
critical notes for constructing the gimbal
assembly.

References

[1] J. M. Hilkert, “Inertialy stabilized platform
technology,” |EEE Contr. Syst. Mag., vol. 28,
pp. 2646, 2008.

[2] M. K. Masten, “Inertially stabilized
platform for optical imaging systems,” |EEE
Contr. Syst. Mag., vol. 28, pp. 47-64, 2008.

[3] A. K. Rue “Stabilization of precision
electrooptical pointing and tracking systems,”
IEEE T Aero. Elec. Sys,, vol. 5, pp. 805-819,
1969.

[4] A. K. Rue, Correction to “stabilization of
precision electrooptical pointing and tracking
systems.” IEEE T Aero. Elec. Sys., vol. 6, pp.
855-857, 1970.

42

[5] A. K. Rue “Precison stabilization
systems,” |EEE T Aero. Elec. Sys., vol. 10,
pp. 34-42, 1974.

[6] M. Masten and J. Hilkert,
“Electromechanical system configuration for
pointing, tracking, and  stabilization

applications,” Proc. SPIE 0779, vol. 75, pp.
75-87, 1987.

[7] H. Khodadadi, “Robust control and
modeling a 2-DOF inertial stabilized
platform,” In International Conference on
Electrical, Control and Computer
Engineering, Pahang. Malaysia pp. 223-228,
2011.

[8] B. J. Smith, W. J. Schrenck, W. B. Gass,
and Y. B. Shtessel, “ Sliding mode control in a
two axis gimbal system,” In Proc. IEEE Aero.
Appl. Conf., vol. 5, pp. 457-70, 1999.

[9) W. S Ra, I. H. Whang, and J. Y. Ahn,
“Robust horizontal line-of-sight rate estimator
for sea skimming anti-ship missile with two-
axis gimbaled seeker,” |EE Proc.-Radar Sonar
Navigation, vol. 152, no. 1, pp. 8-15, 2005.

[10] J. Waldmann, “Line-of-sight rate estimation
and linearizing control of an imaging seeker
in a tactical missile guided by proportional
navigation,” IEEE T. Contr. Syst. T., vol. 10,
no. 4, pp. 556-567, 2002.

[11] A. M. Tapas, N. Prabhakar, and V. S. Rao,
“Adaptive estimation of line-of-sight rate
measurement from a radio frequency seeker,”
Defence Sci. J., vol. 55, no. 3, pp. 307-312,
2005.

[12] J. DeBruin, “Control systems for mobile
satcom antennas,” |IEEE Contr. Syst. Mag.,
vol. 28, no. 1, pp. 87-101, 2008.

[13] B. Ekstrand, “Equations of motion for a
two-axes gimbal system,” IEEE T Aero. Elec.
Sys, vol. 37, no. 3, pp. 1083-1091, 2001.

[14] S. Ravindra, “Modeling and simulation of
the dynamics of a large size stabilized gimbal
platform assembly,” Asian Int. J Sci.
Technol. Prod. Manuf., vol. 1, pp. 111-9,
2008.

[15] K. K. Tan, T. H. Lee, A. Mamun, M. W.
Lee, and C. J. Khoh, “Composite control of a
gyro mirror line-of-sight  stabilization
platform — Design and auto-tuning,” 1SA T.,
vol. 40, pp. 155-171, 2001.

[16] M. M. Abdo, A. R. Vdli, A. R. Toloei, and
M. R. Arvan, “Stabilization loop of a two
axes gimbal system using self-tunning PID



KAZEMY AND SIAHI :EQUATIONSOF MOTION EXTRACTION FOR A THREE AXES GIMBAL SYSTEM

type fuzzy controller,” ISA T., vol. 53, pp.
591-602, 2014.

[17] N. Ghaeminezhad, W. Daobo, and F.
Farooqg, “Stabilizing a gimbal platform using
self-tuning fuzzy PID controller,” Int. J.
Computer Applications, vol. 93, no. 16, pp.
13-19, 2014.

[18] B. Etkinand L. D. Reid, Dynamics of Flight
Stability and Control, New York: Wiley,
1996.

[19] H. Goldstein, Classica Mechanics,
Addison-Wesley, 1980.



