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Abstract The global synchronization of coupled neural

networks with hybrid coupling has been studied in this

paper. The hybrid coupling is formed from constant

coupling, discrete-delay coupling, and distributed-delay

coupling. In this regard, a larger class and more compli-

cated coupled neural networks lead in the synchronization

problem procedure. According to the new augmented

Lyapunov–Krasovskii functional and the idea of M-seg-

mentation of delay length, a less conservative delay-de-

pendent criterion is obtained and expressed in the form of

linear matrix inequalities. In many cases, due to the

increasing segmentation number, the delay length M-

segmentation method could give an opportunity to the

user to find a bigger upper bound of the maximum

allowable time delay. The effectiveness of suggested

method above is proved by simulating a numerical

example on a typical chaotic cellular neural network. The

results show that the above-mentioned method is less

conservative than the other methods reviewed in this

article.

Keywords Synchronization � Neural network � Complex

network � Lyapunov–Krasovskii � Time delay

1 Introduction

Since dynamical recurrent neural networks contain vari-

ous applications such as pattern recognition and classifi-

cation, associative memories, and dynamical systems

modeling, they are likely to have inspired considerable

researchers to study their behaviors [1–5]. Many phe-

nomena in these areas such as bifurcation, chaotic

behavior, and many other are studied extensively in these

networks [6, 7]. On the one hand, these neural networks

have the potential to be coupled together and as a result

create a complex network [8]. On the other hand, the

neural networks should cooperate and communicate with

each other so that to create a complex network of net-

works [9].

In complex network science, synchronization behavior

is probably one of the most noticeable phenomena among

other network’s nodes [10–17]. The synchronization

problem between two chaotic systems was first introduced

by Pecora and Carroll [18], and then, enormous attentions

were guided to apply this problem in many complex net-

works, due to its potential applications in real-world

practice such as secure communication, harmonic oscilla-

tion generation in human heartbeat regulation, and agent’s

synchronization in association management used to

improve their work efficiency [19–24]. For instance, an

architecture to store and retrieve complex oscillatory pat-

terns in the synchronized states of a coupled neural net-

works is presented in [1].

Furthermore, time delay in practice for the coupling

connections in the neural networks is inevitable because

of the finiteness of signal transmission speed over the

links. This issue causes in many difficulties such as poor

performance, stability margin reduction, and increasing

complexity [25–27]. Thus, synchronization of coupled
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neural networks with time delays in coupling connec-

tions seems considerably significant [21, 23, 28–30].

Moreover, the problem of networks based synchroniza-

tion of delayed neural networks is discussed in [31] and

references therein. In general, the time delay can be

classified as discrete (lumped) time delay and distributed

time delay. Most papers appear to consider discrete time

delays in their coupling connections between the neural

networks [23, 32–34]. In [35], it shows that introducing

distributed delays can solve more problems in general

pattern recognition. Therefore, both discrete and dis-

tributed time delays have been studied for the synchro-

nization problem in coupled neural networks in

[21, 36, 37]. In [21], less conservative criteria are given

in comparison with those given in [36, 37]. In this paper,

based on the new augmented Lyapunov–Krasovskii

functional, a less conservative delay-dependent criterion

is obtained and expressed in the form of linear matrix

inequalities. In this method, the delay interval is dis-

cretized into M-equal segments and for each segment,

and a different constant weighting matrix is considered

for LKF. The main advantage of this method is better

approximation of time-varying weighting matrices in

LKF and giving more weighting matrices to the Lya-

punov functional [38, 39].

Generally, for this problem, some criteria are given to

the user as LMIs and he/she can check their feasibility for

his/her own case. If these LMIs are feasible, the synchro-

nization is guaranteed for a known maximum time delay.

However, the problem arises when the user needs larger

time delay due to his/her application. Usually, these criteria

do not have any mechanism giving the user any choice to

expand the maximum allowable time delay. The introduced

criterion in this paper, in comparison with the above-

mentioned methods, gave an opportunity to the user to

increase the maximum allowable time delay by increasing

the segmentation number of the time delay interval. In

proof, an illustrative example, including a typical chaotic

cellular neural network, is simulated in order to demon-

strate the efficiency of the results in comparison with the

other methods.

This paper is organized as follows. In Sect. 2, the

problem formulations for the coupled neural networks

structure along with a number of lemmas are pre-

sented. In Sect. 3, based on a new augmented LKF, a

criterion is given to ascertain the synchronization

between the nodes of the coupled networks. Section 4

provides the simulation results. Lastly, Sect. 5 con-

cludes the paper.

Notations Throughout this paper, Rn denotes the n-di-

mensional Euclidean space and Rn�m is the set of real n�
m matrices. P[ 0 means that P is a real positive definite

and symmetric matrix. I is the identity matrix with

appropriate dimensions and diagfW1; . . .; Wmg refers to

a real matrix with diagonal elements W1; . . .; Wm. AT

denotes the transpose of the real matrix A. Symmetric

terms in a symmetric matrix are denoted by �, and the sign

� is stand for the Kronecker product.

2 Problem statement and preliminaries

Consider coupled neural networks as follows:

_xi tð Þ¼�Cxi tð ÞþAf xi tð Þð ÞþBf xi t�sð Þð Þþ
XN

j¼1

G
1ð Þ
ij C1xj tð Þ

þ
XN

j¼1

G
2ð Þ
ij C2xj t�sð Þþ

XN

j¼1

G
3ð Þ
ij C3

Z t

t�s
xj sð Þds;

i¼1;2;...;N

ð1Þ

where xiðtÞ ¼ xi1 tð Þ xi2 tð Þ � � � xin tð Þ½ �T2 Rn denote

the state vector of the ith neural network, f : Rn ! Rn is

the neuron activation function, C;A;B 2 Rn�n are constant

matrices, and s[ 0 denotes the state delay. G qð Þ ¼
ðG qð Þ

ij ÞN�N ; q ¼ 1; 2; 3ð Þ denotes the coupling connec-

tions and C1;C2;C3 2 Rn�n represent the inner coupling

matrices. It is assumed that the discrete-delay and the

distributed-delay are identical [36, 37].

Assumption 1 The coupling connection matrices should

satisfy

G
qð Þ
ij ¼ G

qð Þ
ji � 0; i 6¼ j; q ¼ 1; 2; 3;

G
qð Þ
ii ¼ �

PN

j¼1;j 6¼i

G
qð Þ
ij � 0; i; j ¼ 1; . . .;N; q ¼ 1; 2; 3:

8
><

>:

Throughout this paper, the following assumption on

f :ð Þ is made.

Assumption 2 For any x1; x2 2 R, there are some con-

stants, r�r ; r
þ
r , which the nonlinear function satisfies.

r�r 	 fr x1ð Þ � fr x2ð Þ
x1 � x2

	 rþr ; r ¼ 1; 2; . . .; n:
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Definition 1 The coupled neural networks (1) is said to

be globally synchronized for any initial conditions

Pi0 sð Þ; i ¼ 1; 2; . . .;Nð Þ, such that limt!1 ei tð Þk k ¼
limt!1 xi tð Þ � s tð Þk k ¼ 0; i ¼ 1; 2; . . .;Nð Þ, where :k k
stands for the Euclidean vector norm and s tð Þ 2 Rn is a

synchronization manifold, which can be either an equilib-

rium point, a periodic orbit, or an orbit of a chaotic

attractor and satisfies

_s tð Þ ¼ �Cs tð Þ þ Af s tð Þð Þ þ Bf s t � sð Þð Þ: ð2Þ

With defining error vectors as follows:

ei tð Þ ¼ xi tð Þ � s tð Þ; i ¼ 1; 2; . . .;N; ð3Þ

and substituting in (1), the error dynamics would be

_ei tð Þ ¼ �Cei tð Þ þ Af ei tð Þð Þ þ Bf ei t � sð Þð Þ

þ
XN

j¼1

G
1ð Þ
ij C1ej tð Þ þ

XN

j¼1

G
2ð Þ
ij C2ej t � sð Þ

þ
XN

j¼1

G
3ð Þ
ij C3

Z t

t�s
ej sð Þds; i ¼ 1; 2; . . .;N;

ð4Þ

where f ei tð Þð Þ ¼ f xi tð Þð Þ � f s tð Þð Þ and f ei t � sð Þð Þ ¼
f xi t � sð Þð Þ � f s t � sð Þð Þ.

For notation simplicity, let

e tð Þ ¼ eT
1 tð Þ eT

2 tð Þ � � � eTN tð Þ
� �T

, F e tð Þð Þ
¼ fT e1 tð Þð Þ fT e2 tð Þð Þ � � � fT eN tð Þð Þ
� �T

:

With the help of the matrix Kronecker product, the

coupled neural network (4) can be written as the following

form:

_e tð Þ¼� IN�Cð Þe tð Þþ IN�Að ÞF e tð Þð Þþ IN�Bð ÞF e t�sð Þð Þ

þ G 1ð Þ�C1

� �
e tð Þþ G 2ð Þ�C2

� �
e t�sð Þ

þ G 3ð Þ�C3

� �Z t

t�s
e sð Þds: ð5Þ

The following lemmas are needed in the derivations of

the main results.

Lemma 1 ((Jensen Inequality), [14]) Assume that the

vector function x : 0; r½ � ! Rn is well defined for the fol-

lowing integrations. For any symmetric matrix R 2 Rn�n

and scalar r[ 0, one has

r

Z r

0

xT sð ÞRx sð Þds�
Z r

0

x sð Þds
� �T

R

Z r

0

x sð Þds
� �

:

Lemma 2 According to [40] and Assumption 2, for any

diagonal matrices J[ 0;L[ 0, it follows that:

hT tð Þ �JD1 JD2

� �J

� 	
h tð Þ

þ hT t � sð Þ �LD1 LD2

� �L

� 	
h t � sð Þ� 0; ð6Þ

where,

h tð Þ ¼
ei tð Þ � ej tð Þ

f ei tð Þð Þ � f ej tð Þ

 �

� 	
;

D1 ¼ diag rþ1 r
�
1 ; . . .; r

þ
n r

�
n

� �
;

D2 ¼ diag
rþ1 þ r�1

2
; . . .;

rþn þ r�n
2

� 	
:

Lemma 3 ([23]) Let 1 ¼ 1; 1; . . .; 1½ �T, EN ¼ 11T, and

U ¼ NIN � EN , P 2 Rn�n, x ¼ xT
1 ; . . .; x

T
N

� �T
, and y ¼

yT
1 ; . . .; y

T
N

� �T
with xk; yk 2 Rn, k ¼ 1; 2; . . .;Nð Þ, then

xT U� Pð Þy ¼
XN

1	 i\j	N

xi � xj

 �T

P yi � yj

 �

:

3 Main results

In this section, stability of the error dynamic (5) which

guarantees the synchronization between the neural net-

works in (1) is discussed.

Theorem 1 For given s and m, the coupled neural net-

works (1) is globally synchronized if there exist positive

definite matrices Q kð Þ [ 0, W[ 0, R kð Þ [ 0, real matrices

Tq, Pq, Yk, Hk, q ¼ 1; . . .; 5, k ¼ 1; . . .;m, and positive

diagonal matrices J[ 0, L[ 0, such that the following

LMIs hold for all 1	 i\j	N:

Wij ¼

P 1;1ð Þ P 1;2ð Þ � � � P 1;10ð Þ

� P 2;2ð Þ � � � P 2;10ð Þ

..

. ..
. . .

. ..
.

� � � � � P 10;10ð Þ

2

66664

3

77775
\0;

W ¼
Z O 1ð Þ O 2ð Þ

� W 1ð Þ W 2ð Þ

� � W 3ð Þ

2
64

3
75[ 0; Q kð Þ

¼
Q

kð Þ
11 Q

kð Þ
12 Q

kð Þ
13

� Q
kð Þ

22 Q
kð Þ

23

� � Q
kð Þ

33

2

664

3

775[ 0;

R kð Þ ¼
R

kð Þ
11 R

kð Þ
12 R

kð Þ
13

� R
kð Þ

22 R
kð Þ

23

� � R
kð Þ

33

2

664

3

775[ 0; k ¼ 1; . . .;m;

ð7Þ

where,
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O 1ð Þ ¼ O
1ð Þ

1 O
1ð Þ

2 � � � O 1ð Þ
m

h i
; O 2ð Þ ¼ O

2ð Þ
1 O

2ð Þ
2 � � � O 2ð Þ

m

h i
;W qð Þ ¼

W
qð Þ

11 W
qð Þ

12 � � � W
qð Þ

1m

� W
qð Þ

22 � � � W
qð Þ

2m

..

. ..
. . .

. ..
.

� � � � � W qð Þ
mm

2

66664

3

77775
; q¼ 1;3ð Þ;

W 2ð Þ ¼

W
2ð Þ

11 W
2ð Þ

12 � � � W
2ð Þ

1m

W
2ð Þ

21 W
2ð Þ

22 � � � W
2ð Þ

2m

..

. ..
. . .

. ..
.

W
2ð Þ
m1� W

2ð Þ
m2 � � � W 2ð Þ

mm

2
66664

3
77775
;

P 1;1ð Þ ¼
Xm

k¼1

�hQ
kð Þ

11 C�hCTQ
kð Þ

11 �NhG
1ð Þ
ij Q

kð Þ
11 C1 þCT

1Q
kð Þ

11

� �
þh2R

kð Þ
11

� �
þQ

1ð Þ
12 þ Q

1ð Þ
12

� �T

þQ
1ð Þ

22

þO
1ð Þ

1 þ O
1ð Þ

1

� �T

�JD1 �T2C�CTTT
2 �NG

1ð Þ
ij T2C1 þCT

1T
T
2


 �
þP2 þPT

2 ;

P 1;2ð Þ ¼ P 1;2ð Þ
1 � � � P 1;2ð Þ

m�1

h i
;P 1;2ð Þ

k ¼Q
kþ1ð Þ

12 �Q
kð Þ

12 �O
1ð Þ
k þO

1ð Þ
kþ1;

P 1;3ð Þ ¼
Xm

k¼1

�NhG
2ð Þ
ij Q

kð Þ
11 C2

� �
�Q

mð Þ
12 �O 1ð Þ

m �NG
2ð Þ
ij T2C2 �P2 �CTTT

4 �NG
1ð Þ
ij CT

1T
T
4 þPT

4 ;

P 1;4ð Þ ¼
Xm

k¼1

hQ
kð Þ

11 Aþh2R
kð Þ

13

� �
þQ

1ð Þ
23 þQ

1ð Þ
13 þJD2 þO

2ð Þ
1 þT2A�CTTT

3 �NG
1ð Þ
ij CT

1T
T
3 þPT

3 ;

P 1;5ð Þ ¼ P 1;5ð Þ
1 � � � P 1;5ð Þ

m�1

h i
;P 1;5ð Þ

k ¼Q
kþ1ð Þ

13 �Q
kð Þ

13 þO
2ð Þ
kþ1 �O

2ð Þ
k ;

P 1;6ð Þ ¼
Xm

k¼1

hQ
kð Þ

11 B
� �

�Q
mð Þ

13 �O 2ð Þ
m þT2B�CTTT

5 �NG
1ð Þ
ij CT

1T
T
5 þPT

5 ;

P 1;7ð Þ ¼ P 1;7ð Þ
1 � � � P 1;7ð Þ

m

h i
;P 1;7ð Þ

k ¼�hNG
3ð Þ
ij Q

kð Þ
11 C3 �NG

3ð Þ
ij T2C3 þW

1ð Þ
1k ;

P 1;8ð Þ ¼ P 1;8ð Þ
1 � � � P 1;8ð Þ

m

h i
;P 1;8ð Þ

k ¼�CTHT
k �NG

1ð Þ
ij CT

1H
T
k ;

P 1;9ð Þ ¼
Xm

k¼1

h2R
kð Þ

12

� �
�CTTT

1 þZ�NG
1ð Þ
ij CT

1T
T
1 �T2 þPT

1 ;

P 1;10ð Þ ¼ P 1;10ð Þ
1 � � � P 1;10ð Þ

m

h i
;P 1;8ð Þ

k ¼�P2 þYT
k ;

P 2;2ð Þ ¼ diag P 2;2ð Þ
1 ; . . .;P 2;2ð Þ

m�1

n o
; P 2;2ð Þ

k ¼ Q
kþ1ð Þ

22 �Q
kð Þ

22 ;

P 2;5ð Þ ¼ diag P 2;5ð Þ
1 ; . . .;P 2;5ð Þ

m�1

n o
; P 2;5ð Þ

k ¼ Q
kþ1ð Þ

23 �Q
kð Þ

23 ;

P 2;7ð Þ ¼

W
1ð Þ

12

� �T

�W
1ð Þ

11 W
1ð Þ

22 �W
1ð Þ

12 � � � W
1ð Þ

2m �W
1ð Þ

1m

W
1ð Þ

13

� �T

� W
1ð Þ

12

� �T

W
1ð Þ

23

� �T

�W
1ð Þ

22 � � � W
1ð Þ

3m �W
1ð Þ

2m

..

. ..
. . .

. ..
.

W
1ð Þ

1m

� �T

� W
1ð Þ

1 m�1ð Þ

� �T

W
1ð Þ

2m

� �T

� W
1ð Þ

2 m�1ð Þ

� �T

� � � W 1ð Þ
mm �W

1ð Þ
m�1ð Þm

2
666666664

3
777777775

;

P 3;3ð Þ ¼ �Q
mð Þ

22 � LD1 � NG
2ð Þ
ij T4C2 þ CT

2T
T
4


 �
� P4 � PT

4 ; P
3;4ð Þ ¼ �NG

2ð Þ
ij CT

2T
T
3 � PT

3 þ T4A;

P 3;6ð Þ ¼ �Q
mð Þ

23 þ LD2 þ T4B� NG
2ð Þ
ij CT

2T
T
5 � PT

5 ; P
3;7ð Þ ¼ P 3;7ð Þ

1 � � � P 3;7ð Þ
m

h i
; P 3;7ð Þ

k ¼ �NG
3ð Þ
ij CT

3T
T
4 � W

1ð Þ
km

� �T

;

P 3;8ð Þ ¼ P 3;8ð Þ
1 � � � P 3;8ð Þ

m

h i
; P 3;8ð Þ

k ¼ �NG
2ð Þ
ij CT

2H
T
k ; P

3;9ð Þ ¼ �NG
2ð Þ
ij CT

2T
T
1 � PT

1 � T4;
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and the other elements in the matrix Wij in (7) which is not

defined above are zero matrices with appropriate

dimension.

Proof Consider the following Lyapunov–Krasovskii

functional:

V tð Þ ¼ V1 tð Þ þ V2 tð Þ þ V3 tð Þ; ð8Þ

where,

P 3;10ð Þ ¼ P 3;10ð Þ
1 � � � P 3;10ð Þ

m

h i
; P 3;10ð Þ

k ¼ �YT
k � P4; P

4;4ð Þ ¼
Xm

k¼1

h2R
kð Þ

33

� �
þQ

1ð Þ
33 � Jþ T3Aþ ATT

3 ;

P 4;6ð Þ ¼ T3Bþ ATTT
5 ;P

4;7ð Þ ¼ P 4;7ð Þ
1 � � � P 4;7ð Þ

m

h i
; P 4;7ð Þ

k ¼ �NG
3ð Þ
ij T3C3 þ W

2ð Þ
k1

� �T

;

P 4;8ð Þ ¼ P 4;8ð Þ
1 � � � P 4;8ð Þ

m

h i
; P 4;8ð Þ

k ¼ ATHT
k þW

3ð Þ
1k ; P

4;9ð Þ ¼
Xm

k¼1

h2 R
kð Þ

23

� �T
� �

þATTT
1 � T3;

P 4;10ð Þ ¼ � P3 � � � P3½ �; P 5;5ð Þ ¼ diag P 5;5ð Þ
1 ; . . .;P 5;5ð Þ

m�1

n o
; P 5;5ð Þ

k ¼ Q
kþ1ð Þ

33 �Q
kð Þ

33 ;

P 5;7ð Þ ¼

W
2ð Þ

12

� �T

� W
2ð Þ

11

� �T

W
2ð Þ

22

� �T

� W
2ð Þ

21

� �T

� � � W
2ð Þ
m2

� �T

� W
2ð Þ
m1

� �T

W
2ð Þ

13

� �T

� W
2ð Þ

12

� �T

W
2ð Þ

23

� �T

� W
2ð Þ

22

� �T

� � � W
2ð Þ
m3

� �T

� W
2ð Þ
m2

� �T

..

. ..
. . .

. ..
.

W
2ð Þ

1m

� �T

� W
2ð Þ

1 m�1ð Þ

� �T

W
2ð Þ

2m

� �T

� W
2ð Þ

2 m�1ð Þ

� �T

� � � W 2ð Þ
mm


 �T� W
2ð Þ
m m�1ð Þ

� �T

2
666666664

3
777777775

;

P 5;8ð Þ ¼

W
3ð Þ

12

� �T

�W
3ð Þ

11 W
3ð Þ

22 �W
3ð Þ

12 � � � W
3ð Þ

2m �W
3ð Þ

1m

W
3ð Þ

13

� �T

� W
3ð Þ

12

� �T

W
3ð Þ

23

� �T

�W
3ð Þ

22 � � � W
3ð Þ

3m �W
3ð Þ

2m

..

. ..
. . .

. ..
.

W
3ð Þ

1m

� �T

� W
3ð Þ

1 m�1ð Þ

� �T

W
3ð Þ

2m

� �T

� W
3ð Þ

2 m�1ð Þ

� �T

� � � W 3ð Þ
mm �W

3ð Þ
m�1ð Þm

2
666666664

3
777777775

;

P 6;6ð Þ ¼ �Q
mð Þ

33 � Lþ T5Bþ BTTT
5 ; P

6;7ð Þ ¼ P 6;7ð Þ
1 � � � P 6;7ð Þ

m

h i
; P 6;7ð Þ

k ¼ �NG
3ð Þ
ij T5C3 � W

2ð Þ
km

� �T

P 6;8ð Þ ¼ P 6;8ð Þ
1 � � � P 6;8ð Þ

m

h i
; P 6;8ð Þ

k ¼ BTHT
k � W

3ð Þ
km

� �T

; P 6;9ð Þ ¼ BTTT
1 � T5;

P 6;10ð Þ ¼ � P5 � � � P5½ �; P 7;7ð Þ ¼ �diag R
1ð Þ

11 ; . . .;R
mð Þ

11

n o
;

P 7;8ð Þ ¼ �diag R
1ð Þ

13 ; . . .;R
mð Þ

13

n o
� ½ 1 � � � 1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

m

�T NG
3ð Þ
ij CT

3H
T
1 � � � NG

3ð Þ
ij CT

3H
T
m

h i
;

P 7;9ð Þ ¼ P 7;9ð Þ
1 � � � P 7;9ð Þ

m

h iT

; P 7;9ð Þ
k ¼ Q

kð Þ
12 � NG

3ð Þ
ij T1C3; P

7;10ð Þ ¼ �diag R
1ð Þ

12 ; . . .;R
mð Þ

12

n o
;

P 8;8ð Þ ¼ �diag R
1ð Þ

33 ; . . .;R
mð Þ

33

n o
; P 8;9ð Þ ¼ P 8;9ð Þ

1 � � � P 8;9ð Þ
m

h iT

; P 8;9ð Þ
k ¼ Q

kð Þ
13 �HT

k ;

P 8;10ð Þ ¼ �diag R
1ð Þ

23 ; . . .;R
mð Þ

23

n o
; P 9;9ð Þ ¼

Xm

k¼1

h2R
kð Þ

22

� �
� T1 � TT

1 ; P
9;10ð Þ ¼ � P1 � � � P1½ �;

P 10;10ð Þ ¼ �diag R
1ð Þ

22 ; . . .;R
mð Þ

22

n o
� YT

1 � � � YT
m

� �T½ 1 � � � 1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
m

� � ½ 1 � � � 1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
m

�T YT
1 � � � YT

m

� �
;
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V1 tð Þ ¼
Xm

k¼1

Z t� k�1ð Þh

t�kh

e tð Þ
e sð Þ

F e sð Þð Þ

2

64

3

75

T

U�Q
kð Þ

11 U�Q
kð Þ

12 U�Q
kð Þ

13

� U�Q
kð Þ

22 U�Q
kð Þ

23

� � U�Q
kð Þ

33

2

664

3

775

e tð Þ
e sð Þ

F e sð Þð Þ

2

64

3

75ds;

V2 tð Þ ¼
e tð Þ
�

H

2
64

3
75

T
U� Z U�O 1ð Þ U�O 2ð Þ

� U�W 1ð Þ U�W 2ð Þ

� � U�W 3ð Þ

2
64

3
75

e tð Þ
�

H

2
64

3
75;

V3 tð Þ ¼
Xm

k¼1

Z � k�1ð Þh

�kh

Z t

tþh
h

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75

T

U� R
kð Þ

11 U� R
kð Þ

12 U� R
kð Þ

13

� U� R
kð Þ

22 U� R
kð Þ

23

� � U� R
kð Þ

33

2
664

3
775

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75dsdh:

where U is defined in Lemma 3, h ¼ s=m, and

� ¼ R t
t�h

eT sð Þds
R t�h

t�2h
eT sð Þds � � �

R t� m�1ð Þh
t�s eT sð Þds

h iT

;

H ¼ R t
t�h

FT e sð Þð Þds
R t�h

t�2h
FT e sð Þð Þds � � �

R t� m�1ð Þh
t�s FT e sð Þð Þds

h iT

:

Remark 1 The segmentation number m should be selected

incrementally. Start choosing from m ¼ 1 and then keep

increasing it until the maximum allowable time delay (s)

does not improve significantly. Note that increasing m

causes computational burden.

For the rest of the proof, let:

eij tð Þ ¼ ei tð Þ � ej tð Þ; _eij tð Þ ¼ _ei tð Þ � _ej tð Þ;
f ij e tð Þð Þ ¼ f ei tð Þð Þ � f ej tð Þ


 �
;

Z t�h2

t�h1

eij sð Þds ¼
Z t�h2

t�h1

ei sð Þds�
Z t�h2

t�h1

ej sð Þds;

Z t�h2

t�h1

_eij sð Þds ¼
Z t�h2

t�h1

_ei sð Þds�
Z t�h2

t�h1

_ej sð Þds;
Z t�h2

t�h1

f ij e sð Þð Þds ¼
Z t�h2

t�h1

f ei sð Þð Þds�
Z t�h2

t�h1

f ej sð Þ

 �

ds:

Taking the derivative of V1ðtÞ in (8) with respect to t

yields:

_V1 tð Þ ¼
Xm

k¼1

2heT tð Þ U�Q
kð Þ

11

� �
_e tð Þþ

n
2 _eT tð Þ U�Q

kð Þ
12

� �

Z t� k�1ð Þh

t�kh

e sð Þdsþ 2 _eT tð Þ U�Q
kð Þ

13

� �Z t� k�1ð Þh

t�kh

F e sð Þð Þds

2eT tð Þ U�Q
kð Þ

12

� �
e t � k � 1ð Þhð Þ � e t � khð Þð Þ

þ 2eT tð Þ U�Q
kð Þ

13

� �
F e t � k � 1ð Þhð Þð Þ � F e t � khð Þð Þð Þ

þ eT t � k � 1ð Þhð Þ U�Q
kð Þ

22

� �
e t � k � 1ð Þhð Þ

� eT t � khð Þ U�Q
kð Þ

22

� �
e t � khð Þ

þ 2eT t � k � 1ð Þhð Þ U�Q
kð Þ

23

� �
F e t � k � 1ð Þhð Þð Þ

� 2eT t � khð Þ U�Q
kð Þ

23

� �
F e t � khð Þð Þ

þFT e t � k � 1ð Þhð Þð Þ U�Q
kð Þ

33

� �
F e t � k � 1ð Þhð Þð Þ

�FT e t � khð Þð Þ U�Q
kð Þ

33

� �
F e t � khð Þð Þ

o

ð9Þ

With reformulating (5) as:

_e tð Þ¼� IN�Cð Þe tð Þþ IN�Að ÞF e tð Þð Þþ IN�Bð ÞF e t�sð Þð Þ

þ G 1ð Þ�C1

� �
e tð Þþ G 2ð Þ�C2

� �
e t�sð Þ

þ G 3ð Þ�C3

� �Xm

k¼1

Z t� k�1ð Þh

t�kh

e sð Þds; ð10Þ

and substituting in (9) and considering Lemma 3, (9) can

be written as the following:

_V1 tð Þ ¼
Xm

k¼1

XN�1

i¼1

XN

j¼iþ1

2heT
ij tð Þ �Q

kð Þ
11 Ceij tð Þ þQ

kð Þ
11 Af ij e tð Þð Þ

hh(
þQ

kð Þ
11 Bf ij e t � sð Þð Þ � NG

1ð Þ
ij Q

kð Þ
11 C1eij tð Þ

� NG
2ð Þ
ij Q

kð Þ
11 C2eij t � sð Þ�NG

3ð Þ
ij Q

kð Þ
11 C3

Z t� k�1ð Þh

t�kh

eij sð Þds
#
þ 2 _eT

ij tð ÞQ
kð Þ

12

Z t� k�1ð Þh

t�kh

eij sð Þds

þ 2eT
ij tð ÞQ

kð Þ
12 eij t � k � 1ð Þhð Þ � 2eT

ij tð ÞQ
kð Þ

12 eij t � khð Þ þ 2 _eT
ij tð ÞQ

kð Þ
13

Z t� k�1ð Þh

t�kh

f ij e sð Þð Þds

þ 2eT
ij tð ÞQ

kð Þ
13 f ij e t � k � 1ð Þhð Þð Þ � 2eT

ij tð ÞQ
kð Þ

13 f ij e t � khð Þð Þ þ eT
ij t � k � 1ð Þhð ÞQ kð Þ

22 eij t � k � 1ð Þhð Þ

� eT
ij t � khð ÞQ kð Þ

22 eij t � khð Þ þ 2eT
ij t � k � 1ð Þhð ÞQ kð Þ

23 f ij e t � k � 1ð Þhð Þð Þ

� 2eT
ij t � khð ÞQ kð Þ

23 f ij e t � khð Þð Þ þ fT
ij e t � k � 1ð Þhð Þð ÞQ kð Þ

33 f ij e t � k � 1ð Þhð Þð Þ

�fT
ij e t � khð Þð ÞQ kð Þ

33 f ij e t � khð Þð Þ
io

:

ð11Þ
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The second term of (8) becomes:

_V2 tð Þ ¼ 2

e tð Þ
�
H

2
4

3
5

T
U� Z U�O 1ð Þ U�O 2ð Þ

� U�W 1ð Þ U�W 2ð Þ

� � U�W 3ð Þ

2
4

3
5

_e tð Þ
_�
_H

2
4

3
5 ð12Þ

where,

According to Lemma 3 and considering (10), (12) can

be written as the following:

_V2 tð Þ ¼
XN�1

i¼1

XN

j¼iþ1

2

eij tð Þ
� ij

Hij

2

4

3

5
T

Z O 1ð Þ O 2ð Þ

� W 1ð Þ W 2ð Þ

� � W 3ð Þ

2

4

3

5
_eij tð Þ
_� ij

_Hij

2

4

3

5

2

4

3

5

where,

Taking the derivative of V3ðtÞ with respect to t yields:

_V3 tð Þ¼
Xm

k¼1

h2

e tð Þ
_e tð Þ

F e tð Þð Þ

2
64

3
75

T U�R
kð Þ

11 U�R
kð Þ

12 U�R
kð Þ

13

� U�R
kð Þ

22 U�R
kð Þ

23

� � U�R
kð Þ

33

2
664

3
775

e tð Þ
_e tð Þ

F e tð Þð Þ

2
64

3
75

8
>><

>>:

�h

Z t� k�1ð Þh

t�kh

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75

T U�R
kð Þ

11 U�R
kð Þ

12 U�R
kð Þ

13

� U�R
kð Þ

22 U�R
kð Þ

23

� � U�R
kð Þ

33

2
664

3
775

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75ds

9
>>=

>>;

ð13Þ

According to Lemma 1, (13) can be written as the

following:

_� ¼ eT tð Þ � eT t � hð Þ eT t � hð Þ � eT t � 2hð Þ � � � eT t � m� 1ð Þhð Þ � eT t � sð Þ
� �T

;

_H ¼ FT e tð Þð Þ � FT e t � hð Þð Þ FT e t � hð Þð Þ � FT e t � 2hð Þð Þ � � � FT e t � m� 1ð Þhð Þð Þ � FT e t � sð Þð Þ
� �T

:

� ij ¼
R t
t�h

eT
ij sð Þds

R t�h

t�2h
eT
ij sð Þds � � �

R t� m�1ð Þh
t�s eT

ij sð Þds
h iT

;

Hij ¼
R t
t�h

fT
ij e sð Þð Þds

R t�h

t�2h
fT
ij e sð Þð Þds � � �

R t� m�1ð Þh
t�s fT

ij e sð Þð Þds
h iT

;

_� ij ¼ eT
ij tð Þ � eT

ij t � hð Þ eT
ij t � hð Þ � eT

ij t � 2hð Þ � � � eT
ij t � m� 1ð Þhð Þ � eT

ij t � sð Þ
� �T

;

_Hij ¼ fT
ij e tð Þð Þ � fT

ij e t � hð Þð Þ fT
ij e t � hð Þð Þ � fT

ij e t � 2hð Þð Þ � � � fT
ij e t � m� 1ð Þhð Þð Þ � fT

ij e t � sð Þð Þ
h iT

:

_V3 tð Þ	
Xm

k¼1

h2

e tð Þ
_e tð Þ

F e tð Þð Þ

2
64

3
75

T U� R
kð Þ

11 U� R
kð Þ

12 U� R
kð Þ

13

� U� R
kð Þ

22 U� R
kð Þ

23

� � U� R
kð Þ

33

2

664

3

775

e tð Þ
_e tð Þ

F e tð Þð Þ

2
64

3
75

8
>><

>>:

�
Z t� k�1ð Þh

t�kh

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75ds

0
B@

1
CA

T U� R
kð Þ

11 U� R
kð Þ

12 U� R
kð Þ

13

� U� R
kð Þ

22 U� R
kð Þ

23

� � U� R
kð Þ

33

2

664

3

775
Z t� k�1ð Þh

t�kh

e sð Þ
_e sð Þ

F e sð Þð Þ

2
64

3
75ds

0
B@

1
CA

9
>>=

>>;

ð14Þ
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According to Lemma 3, (14) can be written as the

following:

According to Lemma 2 and Assumption 2, for any

positive diagonal matrices J and L, one has:

hT tð Þ �JD1 JD2

� �J

� 	
h tð Þ

þ hT t � sð Þ �LD1 LD2

� �L

� 	
h t � sð Þ� 0; ð16Þ

where h tð Þ ¼ eT
ij tð Þ fT

ij e tð Þð Þ
h iT

.

From Eq. (5), the following equation holds for any

matrices Tq 2 Rn�n and Hk 2 Rn�n, (q ¼ 1; . . .; 5, k ¼
1; . . .;m):

0 ¼ 2

(
_eT tð Þ IN � T1ð Þ þ eT tð Þ IN � T2ð Þ þ FT e tð Þð Þ IN � T3ð Þ

þeT t � sð Þ IN � T4ð Þ þ FT e t � sð Þð Þ IN � T5ð Þ

þ
Xm

k¼1

Z t� k�1ð Þh

t�kh

FT e sð Þð Þds IN �Hkð Þ
 !)

� _e tð Þ � IN � Cð Þe tð Þ þ IN � Að ÞF e tð Þð Þ þ IN � Bð ÞF e t � sð Þð Þ½

þ G 1ð Þ � C1

� �
e tð Þ þ G 2ð Þ � C2

� �
e t � sð Þ

þ G 3ð Þ � C3

� �Xm

k¼1

Z t� k�1ð Þh

t�kh

e sð Þds
#
:

ð17Þ

In addition, based on Leibniz–Newton formula, the

following equation holds for any matrices Pq 2 Rn�n and

Yk 2 Rn�n, (q ¼ 1; . . .; 5, k ¼ 1; . . .;m):

0 ¼ 2

(
_eT tð Þ IN � P1ð Þ þ eT tð Þ IN � P2ð Þ

þFT e tð Þð Þ IN � P3ð Þ þ eT t � sð Þ IN � P4ð Þ
þ FT e t � sð Þð Þ IN � P5ð Þ

þ
Xm

k¼1

Z t� k�1ð Þh

t�kh

_eT sð Þds IN � Ykð Þ
 !)

e tð Þ � e t � sð Þ �
Xm

k¼1

Z t� k�1ð Þh

t�kh

_e sð Þds
 !" #

:

ð18Þ

Considering (9)–(18), it is straightforward to show that:

_V tð Þ	
XN�1

i¼1

XN

j¼iþ1

nT
ij tð ÞWijnij tð Þ

h i
; ð19Þ

where Wij is defined in (7) and

_V3 tð Þ	
Xm

k¼1

XN�1

i¼1

XN

j¼iþ1

h2

eij tð Þ
_eij tð Þ

f ij ei tð Þð Þ

2
64

3
75

T R
kð Þ

11 R
kð Þ

12 R
kð Þ

13

� R
kð Þ

22 R
kð Þ

23

� � R
kð Þ

33

2

664

3

775

2

664

8
>><

>>:

eij tð Þ
_eij tð Þ

f ij ei tð Þð Þ

2
64

3
75

�

R t� k�1ð Þh
t�kh

eij sð Þds
R t� k�1ð Þh
t�kh

_eij sð Þds
R t� k�1ð Þh
t�kh

f ij e sð Þð Þds

2

664

3

775

T

R
kð Þ

11 R
kð Þ

12 R
kð Þ

13

� R
kð Þ

22 R
kð Þ

23

� � R
kð Þ

33

2

664

3

775

R t� k�1ð Þh
t�kh

eij sð Þds
R t� k�1ð Þh
t�kh

_eij sð Þds
R t� k�1ð Þh
t�kh

f ij e sð Þð Þds

2

664

3

775

3

7775

9
>>>=

>>>;

ð15Þ

nij tð Þ ¼ eT
ij tð Þ eT

ij t � hð Þ � � � eT
ij t � m� 1ð Þhð Þ eT

ij t � sð Þ fT
ij e tð Þð Þ

h

fT
ij e t � hð Þð Þ � � � fT

ij e t � m� 1ð Þhð Þð Þ fT
ij e t � sð Þð Þ

R t�2h

t�h
eT
ij sð Þds � � �

R t� m�1ð Þh
t�s eT

ij sð Þds
R t�2h

t�h
fT
ij e sð Þð Þds � � �

R t� m�1ð Þh
t�s fT

ij e sð Þð Þds _eT
ij tð Þ

R t�2h

t�h
_eT
ij sð Þds � � �

R t�2h

t�h
_eT
ij sð Þds

iT

:
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If W ij\0 for 81	 i\j	N, then _V tð Þ\0. From Defi-

nition 1, this implies that the system (1) has a global

synchronization which leads in completing the proof. h

4 Illustrative example

Example Consider the chaotic cellular neural network

with the following equations which is presented in [36]:

_x tð Þ ¼ �Cx tð Þ þ Af x tð Þð Þ þ Bf x t � sð Þð Þ; ð20Þ

where x tð Þ ¼ xT
1 tð Þ xT

2 tð Þ
� �T

is the state vector of the

network, f xi tð Þð Þ ¼ 0:5 xi þ 1j j � xi � 1j jð Þ is the activation

function, and

C ¼
1 0

0 1

� 	
; A ¼

1 þ p
4

20

0:1 1 þ p
4

2
64

3
75;

B ¼
� 1:3p

ffiffiffi
2

p

4
0:1

0:1 � 1:3p
ffiffiffi
2

p

4

2

664

3

775:

For s ¼ 0:97 and initial condition as x0 tð Þ ¼ 10;�15½ �T,

the chaotic behavior of (20) is shown in Fig. 1.

Let couple three number of identical neural networks

(20) as (1) with the following coupling parameters:

G 1ð Þ ¼ G 2ð Þ ¼ G 3ð Þ ¼
�8 2 6

2 �4 2

6 2 �8

2
64

3
75;

C1 ¼
3 0

0 3

� 	
; C2 ¼

1 0

0 1

� 	
; C3 ¼

1 0

0 1

� 	
:

Maximum allowable time delay for different methods

which guarantees the synchronization between the neural

networks is shown in Table 1. It is obvious that the

theorem introduced in this paper is less conservative

than those proposed in [21, 36]. Note that the results for

Theorem 1 can be more considerable by increasing the

segmentation number (m). As shown in Table 1, the

main disadvantage of segmentation method is the com-

putation time of solving the LMIs which are increasing

rapidly.

With different initial conditions for the neural networks,

the state trajectories of them are shown in Fig. 2. The

synchronization errors are shown in Fig. 3, where

ej tð Þ ¼ x1j tð Þ � xij tð Þ

 �

, i ¼ 2; 3; j ¼ 1; 2.

5 Conclusion

This paper studied the problem of global synchronization

of coupled neural networks with hybrid coupling. Based on

a new augmented Lyapunov–Krasovskii functional and the

-15 -10 -5 0 5 10 15
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

x1(t)

x 2
(t)

Fig. 1 Chaotic trajectory of (20)

Table 1 Maximum allowable time delay for different methods

Methods Maximum allowable

time delay (s)
Computation

time (s)

[36] 0.699 0.046

[21] (h1 ¼ 0; l ¼ 0) 1.050 3.822

Theorem 1 (m ¼ 1) 2.028 0.764

Theorem 1 (m ¼ 2) 5.568 4.773

Theorem 1 (m ¼ 3) 8.586 21.902

0 5 10 15 20 25 30 35 40
-15
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A
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de

Fig. 2 State trajectories of the coupled neural networks:

xi tð Þ; i ¼ 1; 2; 3
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idea of M-segmentation of delay length, a less conservative

delay-dependent criterion was obtained and expressed in

the form of linear matrix inequalities. As an example, a

typical chaotic cellular neural network was utilized to show

that the proposed method is less conservative than the

mentioned common methods described in this paper.
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