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Abstract This paper deals with the controller design
problem for a class of delayed nonlinear systems by
introducing a delayed Takagi—Sugeno system with non-
linear consequent parts. It is assumed that the fuzzy Tak-
agi—Sugeno model contains disturbances or unstructured
uncertainties. Depending on whether the system has input
delay or not, two kinds of state-feedback controllers are
supposed. By the help of Lyapunov—Krasovskii stability
theory, some conditions in the form of linear matrix
inequalities are presented such that the closed-loop system
is asymptotically stable and achieves a prescribed H
performance level. At the end, three examples are provided
to illustrate the effectiveness of the proposed method.

Keywords Nonlinear Takagi—Sugeno model - Time-delay
systems - Lyapunov—Krasovskii theory - Robust controller

1 Introduction

Among various kinds of fuzzy control methods, Takagi—
Sugeno (T-S) approach is the most popular one for its
ability to simplify the design procedure of robust con-
trollers and observers. In fact, linear subsystems of the T-S
model let us utilize such a powerful tool like linear matrix
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inequality (LMI) in the design routine. A mighty review of
researches on these models has been made in [10, 22].

One major problem with T-S model is that for a bit
more complex systems or for those having a wide range of
variations of states, the number of subsystems needed to
have an accurate enough model will be increased. As a
result, huge number of LMIs will be obtained which cause
computational burden. A reasonable solution to face this
problem is the introduction of nonlinear terms in the sub-
systems. This idea has been investigated in two approa-
ches: the first one is using polynomial subsystems
suggested in [21, 24] and the second one is linear subsys-
tems plus sector-bounded nonlinearities [5, 19]. The first
method results in sum of squares (SOS) instead of LMIs
which may be a bit hard to solve when the degree of the
polynomial increases. Conversely, the latter still uses the
LMIs, which is followed in this paper.

Many practical systems suffer from the existing of delay
in state or input of the system. In this case, some special
considerations should be made in the design. The T-S-
based fuzzy control for nonlinear time-delay systems was
firstly introduced by Cao and Frank [2, 3]. Subsequently,
many researchers have used this idea and developed it
[20, 30]. Chen and Liu [4], applied an H ., control for T-S
fuzzy systems with time delay and parametric uncertainty.
Hsiao et al. [11], utilized T-S-delayed fuzzy systems for
control of nonlinear interconnected systems with multiple
time delays. Several articles have also addressed parametric
uncertainty in delayed T-S fuzzy systems [7, 15, 17]. Along
with these papers for continuous-time systems, the idea of
introducing delay in the T-S fuzzy system continued also
for discrete-time systems [18, 31, 33]. Recently, new con-
cepts for the development of these systems have been
introduced in various applications, including switching T-S
fuzzy systems [6] and network control of T-S fuzzy systems
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with time delay [32]. Many remarkable papers have been
published newly that try to achieve less conservative results
using various methods such as delay partitioning [16],
Wirtinger-based double integral inequality [23], and aug-
mented Lyapunov—Krasovskii functional [13]. These
papers, by applying their own methods on practical exam-
ples such as truck-trailer [25], nonlinear mass—spring—
damper [11, 15], and CSTR [2], have shown that these
methods are capable of controlling many real systems.

In contrast to the articles reviewed in the previous para-
graph that considered the fuzzy system to be linear, some
methods have been proposed based on changes on the T-S
fuzzy model and have shown that good results can be
achieved. Gassara et al. [8, 9] considered T-S with polyno-
mial subsystems and time delay, while Moodi and Farrokhi
[19] used nonlinear consequent parts for T-S fuzzy systems.
In this regard, very few results have been published with
nonlinear consequent parts, all of which do not take into
account the time delay. To the best of the authors’ knowl-
edge, no results have been reported yet on delayed TS fuzzy
systems with nonlinear consequent part, which is the main
contribution of this paper. This type of T-S system can
reduce the number of rules in fuzzy modeling while
increasing accuracy.

This paper is organized as follows: In Sect. 2, the
intended nonlinear T-S model and the main problem is
stated. Section 3 discusses the controller design for the
proposed system. In Sect. 4, some practical examples are
presented and simulated. Section 5 concludes the paper.

Notations Throughout this paper, R" denotes the n-di-
mensional Euclidean space and R™" is the set of real
n x m matrices. P > 0 means that P is a real positive
definite and symmetric matrix. I is the identity matrix with
appropriate dimensions, AT denotes the transpose of the
real matrix A, and [A], = A + AT. Symmetric terms in a
symmetric matrix are denoted by .

2 Problem Formulation

Consider a class of nonlinear systems described by

X(1) = f,(x(2), x(1 — 7)) + £,(x(2), x(r — 7)) @ (x(2))
+f.(x(1),x(t — 1))@ (x( — 7))
+ g(x(1),x(r = 7)u(s),

y(1) = £ (x(1), x(1 — 7)) + £ (x(1), x(t — 7)) 9 (x(1))
+He (x(0), x(t = 1) (x(t — 7)),

(1)

where x(7) € R™, u(¢) € R™, and y(¢) € R™, denote the
state vector, the control input vector, and the measurable
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output vector, respectively. The f,:R™ x R™ — R™,
n € {a,ya}, £,:R"™ xR*™ - R*"%_ me{b,c,yb,yc},
and g:R™ x R™ — R™ ™ are differentiable nonlinear
functions, and 7 represents a known constant time delay.
Furthermore, ¢: R™ — R" is a vector of sector-bounded
continuous nonlinear functions satisfying the following
cone condition:

@;(x(1)) € co{0, Eix(1)},

where E;, i = 1,...,n,, are known constant matrices. The
above condition is equivalent to

1<i<n,, (2)

¢; (x(0)[gi(x(1) — Ex(1)] <0, 1<i<n,. (3)
Defining E = [E],E],.. .,EL]T and considering a

diagonal matrix ® > 0, it yields that

9" (x(1))Op(x(1) — ¢ (x(1)) OEx(1) <0. (4)

Note that to conclude (4) from (3), without extra prop-
erties on ¢, the matrix ® has to be diagonal.

The system (1) can be represented by a delayed T-S
fuzzy model with nonlinear consequents as follows:

Plant Rule i:
if 21 (t) isp; (2), - - -, and z, () is i, (z) then:
x(1) = Ayx(t) + Ayx(t — 1) + Gyp(x(2))

(5)
+H,;o(x(t — 7)) + Bju(t) + Dyv(r),
y(t) = Ci1ix(t) + Coix(t — 1) + Gy 0(x(2))
+Hyo(x(t — 1)) + Dyv(1),
Where Ani c Rnxxnx’ Bi c Rnxxnu, Cni c Rnyxn).’
G, H,; € RN Gyi,Hyi € R»*" ., D,; € R**", and
D,; € R»™ n=1,2,i=1,...,r, are constant matrices,

r is the number of rules, and v(f) € R™ is a disturbance
vector that belongs to energy-limited signals, i.e.,
V(1) € £5[0,00). Moreover, z(t) and w;(z), i=1,...,r,
j=1,...,p, are the premise variables and the fuzzy sets,
respectively.

In this case, the whole fuzzy system (5) can be repre-
sented as

X(1) = A1 x(7) + Agx(t — 1) + Gy 0(x(2))
+H, o(x(t — 1)) +Bu(r) + Dy v(1),

y(1) = Cix(t) + CoX(r — 1) + Gy (x(1))
+H,.o(x(t — 1)) + Dy, v(2),

(6)

where
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X. = 0i(x)X (7)
i=1
Xe {AI,AZa Ba Clv C2, G)c; Hxa Gyv HvaMDy} and
hi(z) £
0i(2) = == hi(z) = | | 1;(2)- 8
S ) e ®)

The objective is to design a suitable controller for the
system (6), such that the resultant closed-loop system is
internally asymptotically stable and satisfies

| ¥oxwu<s [ Tavoar ©)
0 0
for any nonzero v(t) € £,[0,00) under zero initial condi-
tions, where y > 0 is a prescribed disturbance attenuation
level.

In the following section, the conditions for asymptotic
stability of the system (6) will be given. The following

lemmas are used in this paper.
Lemma 1 [26] If the following conditions hold:

M; <0, I<i<r,

1 1 . (10)
ﬁMl,+§(Ml]+M],)<O, 1<l7é]<}"7
then, the following inequality holds:
DD %My <0, (11)

i=1 j=1
where 0<o; <1 and Y, o = 1.

Lemma 2 (Jensen inequality [12]) Assume that the vector
function @ : [0,r] — R" is well defined for the following
integrations. For any symmetric matrix R € R™" and
scalar r > 0, one has

[ oromotmas= [ owis) v( [ ows).

3 Controller Design

In this section, based on whether the input signal comprises
time delay or not, two control structures are presented.

3.1 Systems Without Input Delay

Let us construct the fuzzy controller structure as
u(t) = Ki:x(1) + Kox(t — 1)
+ Ks.0(x(1)) + Kyep(x(r — 7)),

where K, K, € R*™*" and Kj;, Ky, € R™*" are the
controller gain matrices to be designed.

(12)

By inserting the controller (12) into the system (6), one
obtains the closed-loop system as

X(1) = ALx(1) + Apx(t — 1) + G (x(2))
+ He.o(x(t — 7)) + D.v(1),

(1) = Cix(1) + Coox(t — 1) + Gy (x(1))
+ Hyep(x(t — 7)) + Dyv(1),

(13)

where Alzz =A;; +BK, A2zz = Az + B:Ky,, zez =
G+ B:Ks, and I:Ixzz =H, + BKq..

The following theorem gives the conditions to guarantee
the asymptotic stability of the closed-loop system (13).

Theorem 1 For any given positive scalar v, and gain
matrices Ky;, Ky, Ks;, Kyi, i = 1,2, ..., 1, the closed-loop
system (13) is asymptotically stable and satisfies the per-
formance index (9), if there exist n, X n, symmetric posi-
tive definite matrices P, Q, R, W, and positive definite
diagonal matrices @1, @,, such that the LMlIs in (10) hold
with the following definition:

M;;
[Z1 I I iy w Lis  TALP]
* Ip CLGy; Ly -W C;D; tALP
x x Xy GyH; 0  GLD; tGP
I x Ly 0 HD,; tHLP|
* * * * —R 0 0
% s - * Ye  tDIP
| * * * * * * —P |
(14)
where
X =[PAyl, +Q+ R+ CLCy; — P,
X, = PAy; + C.Cy + P,
X3 = PG, +CIG, + ETO,
Iy = PHy + CjHy;,
X6 = PD, + C|.Dy,
Xy =-Q—P+CLCy,
Yo = CH,; + ETO,,
I3 = GGy — 20,
Ly = H;Hyj — 20y,
Xe = —)" 1+ D}Dy;.
Proof See “Appendix”. (]

Theorem 1 cannot be used directly for controller design
due to the existence of nonlinear terms such as PB,Kj, and
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PB_.K, in (14). Therefore, the following theorem is pro-
vided to pave the way for solving the controller design
problem.

Theorem 2 For given positive scalar v, the closed-loop
system (13) is asymptotically stable and satisfies the per-
formance index (9), if there exist n, X n, symmetric posi-

tive definite matrices P, Q, li, W, general n, X n, matrices
Kli, Kg,-, general n, X n, matrices K3,’, K4,-, and positive
definite diagonal matrices (:)1, @2, such that the LMIs in
(10) hold with the following definition:

M;
(£, £, I i w L6 £, PCT ]
* Ly 0 PE' -W PCID, %, PC,
« % =20, 0 0 OGD;, LIy OG
R % -20, 0 OHD; Ly OH)
* * * * -R 0 0 0 7
* * * * * Lo ‘EDI,- 0
* * * * * * —P 0
| * * * * * * * e | ]
(15)
where

i = AP +BK,], +Q+°R-P,

X2 = AP+ BKy + P,

Y5 = G0, + BKy + PET,

X4 = H,0, + BKy,

Y16 = Dy +PC[Dy;,

£ = (PAT + K]B]),

Xn=-Q-P,

Ty =1 (ﬁA; + K;B}),

Y4 = f(énc; + ngB,.T),

Ty = T(@QH; + KIjB,.T),

Lo = =71+ D}Dy;.

Moreover, if the above LMI has feasible solution, the gains
Ky, Ky, Ky, and Ky are computed by K;; = Klip_],

Ky =KoP!, Ky =K;0;', and Ky =K40,',
respectively.
Proof See “Appendix”. O
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3.2 Systems with Input Delay

For the systems with input delay as
X(1) = Ax(t) + Apx(t — 1) + G o(x(1))
+H, p(x(t— 1)) +Bu(t — 1) + Dy,v(t),
(1) = Cix(1) + Coox(2 — 7) + Gy (x(1))
+H, o(x(t — 1)) + Dy, v(1),
(16)
we shall construct the controller structure as
u(r) = Kix(r) + Kr(x(1)), (17)

where K; € R™*" and K, € R™*" are the controller gain
matrices to be designed. By inserting the controller (17)
into the system (16), one obtains the closed-loop system as

X(1) = ALX(t) + ApX(t — 1) + Grop(x(1))
+Heop(x(t — 1)) + Dyv(1),

y(#) = Cix(1) + Co:x(t — 7) + Gyz0(x(1))
+H, o(x(t — 1)) + Dy, v(1),

(18)

where As,. = Ay, + B.K;; and H,.. = H,. + B.Ko..

The following corollary gives the conditions to guar-
antee the asymptotical stability of the closed-loop system
(18).

Corollary 1 For given positive scalar vy, the closed-loop
system (13) is asymptotically stable and satisfies (9), if
there exist ny X n, symmetric positive definite matrices P,
Q, li, W, general n, X n, matrices K]i, general n, X n,
matrices Kz,-, and diagonal matrices @1 >0, @2 > 0, such
that the LMlIs in (10) hold with the following definition:
M; =

ITEED SRR i w Zi6 TISAITZ pCTf ]
P 0 PE" -W pCEiD.w' Ly lﬁC;l-
« ok =20, 0 0 ©GD, 0,G; OG]
* * * -20, 0 ézH;D);; o ézﬂ,T,
* * * * -R 0 0 0 7
* % * * * 66 Dy, 0
. s N X " * -P 0
| * * * * * * * =1 ]
(19)
where
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X =[AP, +Q+ R - P,
T = AP+ BK, + P,

Y3 = G0, + PET,

Y4 = HyO; + BKy,

Y6 =D, +PCID,,
Xn=-Q-P,

227 T (IA)A; + KTBT) 5

1>

247 = ‘E(("A)QHII- + KTABT),

2j0
266 = —“/21 + D;D}j

Moreover, if the above LMI has feasible solution, the gains

Ky, and K, are computed by K,;= Klif”l and
S oA

Ky = K50, , respectively.

Proof With substituting K;; = 0, K3; = 0, K;; = K;, and
K, = K4 in Theorem (2), the proof is straightforward. [

Remark 1  Although some progress has been made in this
article, the established fuzzy control result has not con-
sidered any constraint on system transient performance. As
stated in [28, 29], finite-time control is also an important
challenge in the design. How to establish finite-time fuzzy
controller for time-delay systems, will be our future
research.

4 Simulation Results

In this section. three illustrative examples are given to
show the effectiveness of the proposed design methods. All
calculations are performed using Yalmip [14] toolbox.

Example 1 Suppose the problem of backing up the con-
trol of a truck-trailer is given in [3]. The following delayed
model is supposed:

v v v

X(t) = —aL—toxl(t) - (1- a)L—toxl(t— 7) —|—L—tou(t)7
X(t) = +aLV—;;x1 6+ (1 - a)Lv—;xl(t —1),
X(t) = ‘;—Ot_sin(xz(t) + a;—lt:xl(t) +(1- a);—lt:xl(t —1)),

where [ =28, L=55 v=—-1,t=2, tp,=0.5, 1= 1.
The constant a € [0, 1] determines the amount of delay and
is set to a=0.7. By defining ¢(x) = sin(x;) — x,, the
above system is modeled by fuzzy T-S with nonlinear
consequent part as follows:

vt vt
Rule 1 :If z(t) = x,(t) + aixl(t) + (1 - a)ixl(t —1)

is about O then
x(1) = Anx(f) + Agix(t — 1) + Byu(r)
+ G o(x(1)) +Dyv(1),
y(1) = Cux(t) + Dyrv(1),
Rule2 : Tf2(t) = xa(t) +a—oxi () + (1 — a) - x, (t — 1)
ule? : If z(t) = x, aZLXI a2LX1 T
is about @ or — 7 then
X(l) = A12X(l‘) + A22X(l — ‘L') + Bgu(l‘)
+ GXZQD(X(I)) + DxZV(t)a

¥(1) = Ciax(2) + Dyov(1),

where
[—azt 0 0 —(l—a)f= 0 0
Al]: aLV_tt; 0 0 71421: (170){—; 0 0 s
V2 v V22
L ay. w0 (I—a)y 0 0
—aX 0 0
ﬁ 0 aLtU
Bi=|0[,Ga=|0]| Ap=|aff 0 0}
vt P _
L0 T0) ayt d% 0
—(l—=a)fz 0 0 % 0
Ap=| (0=-a)zz 0 0 B,=|0|,Go=|0
P dvt.
(1-a)55 0 0 0 oy
0.05
1 0 0
Cl] = C12 = 7Dx] - Dx2 = 0 )
0 1
0.01

0.01
E=2/2[0 1 0],Dy; =Dy = oot |

d =10 ty/n, v(t) = e %% sin(2¢), and the membership
functions are as follows:

1
h(z) = (1 1 +exp(—3(z— 0-5”))) .
1
<1 +exp(—3(z — 0.5n)))’
hz(z) =1 —hl(Z)-

It can be seen that the open-loop system is unstable. By
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applying Theorem 2 with y =1,
obtained as

the control gains are

K1 =[1.7348 —1.7725 0.090802],
=[1.7627 —1.9538 0.10806],

K21 =[0.46767 0.034505 —0.00029401 ],
[

K, =1[0.49262 0.0065132 0.0012818],
K3 = —-0.11919, K3, = —0.2275.

By using these control gains, the state trajectories of the
closed-loop system are shown in Fig. 1 (solid line). For
comparison, the results of other published methods are also
shown in this figure. It is clear that our result has less
fluctuation and has more smooth movements than the
methods presented in [3] and [4]. The results of reference
[7] have a much bigger settling time than the other meth-
ods, including our method, which shows that this method
does not work efficiently. The methods of references [3]
and [4] have good performance results on controlling the
states, but have a large peak value in the control signal,
shown in Fig. 2. It can be easily understood that the peak
value of the control signal produced by our method is much
less than those methods and converges to zero at a faster
rate. Therefore, our method requires a smaller actuator and
is more practical than those methods.

Example 2 In this example, the problem of input delay is
considered. Supposed a two tank system with the following
model [27]:

{Xl (1) = —ouxi(r) + Bu(t),
%o (1) = ot (t) — o3 (1)

where oy =1, oy=1, and pf=1. By defining
¢(x(t)) = x}, the system is modeled by nonlinear T-S

fuzzy model as :

Rule 1 : If z(t) = x, isabout 0.1 then
x(t) = Ax(¢) + Bu(t — 1) + Gy o(x(¢)) + D v(t),
y(1) = Cx(t) + Dy (1),

Rule? : If z(t) = x, isabout 1 then
X(1) = Apx(1) + Bu(t — 1) + Gyp(x(1)) + D v(1),
¥(1) = Cx(1) + Dyyv(1),

Rule 3 : If z(t) = x, isabout 2 then
X(1) = Aisx(f) + Bu(t — 1) + Gro(x(t)) + Dy v(1),

y(1) = Cx(1) + Dyiv(1),

where
[0 0 0 0 1

Ay = A = B = )
10 —1.5811 0 —-05 0
[0 0 00 -1

A13 = ) C= ) Gx )
L0 —0.3536 0 1 1
[0.01 0

D, = D, = JE=[1 0].
001" o1

Let t=1, y=0.01, v(t) =e *®'sin(2¢), and the

membership functions are assumed to be triangular. Based
on Corollary 1, control gains are obtained as:

K, =[—0.37474 —0.042158],
Kp, = [—0.37078  0.027274],
Ki; = [—035167 0.050723],

Ky = 0.0014774, Ky = — 0.0010483,
Ks; = — 0.0020732.

Proposed method

10+ — = = Cao & Frank, [2]
slAs Chen & Liu, [3]
g T Gassara et al. [6]
< ok E_‘:—_::-—‘L;T--,n-“- ...... S e
-5 1 1 1 1 1 1 1 1 1 ]
0 2 4 6 8 10 12 14 16 18 20
4*
= 2f
= \
| = N P i T —-
0 K > Sz
2 il 1 I 1 1 I 1 1 1 ]
0 2 4 6 8 10 12 14 16 18 20
5k
= or - o e Tt i i e e S e e =
s I N
Xn -5k - /'
-10 1 1 1 1 1 1 1 1 ]
2 4 6 8 10 12 14 16 18 20
Time(s)

Fig. 1 State trajectories resulted by Theorem 2 (solid line) and the other published methods
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Proposed method
- — — — Cao & Frank, [2]
5l Chen & Liu, [3]
Gassara et al.,[6]
0 44.____:_-{:_:,&« S O S S —
© 1
c
2 1
(7]
5 -5¢
5 1
s 1
© |
-10 7
|
i
-15
-20 1 1 1 1 1 1 1 1 1 J
2 4 6 8 10 12 14 16 18 20
Time(s)

Fig. 2 Control signals produced by Theorem 2 (solid line) and the other published methods

Tracking performance of the closed-loop system is shown
in Fig. 3. Control effort is also shown in Fig. 3.

Example 3 Consider a fuzzy system in the form of (5)
with the following matrices [1]:

a —1 a+4b —1
Ay = A = )
2 ¢ 2 c+4d
a —1 a+4b -1
Ay =0.1 ,A» =0.1
2 ¢ 2 c+4d
b 0 1 1
le :Gx2: 7B1 = 7B2: )
1 d -2 —4
C]] :Clzz[l 2],C21 =C22:[0.1 02]7
0.01 0.01 05 0
Dxl = ) Dx2 - ) E=
0.05 0 05

D, =0.02, Dy =001, hp = x3/4, hy =1 — i, © = 1.

In which a=10, b=-3, ¢=-0.25, d=0.3427,
x; € [-1,1], and x; € [—2,2]. The premise variable is x3

and ¢ (x(t)) = [x},sin(x2)])"
0.5 to this model, the control gains are obtained as

. Applying Theorem 2 with y =

K, = [0.074252  0.5895],
=[—0.040227  0.60678],
Ky = [0.057353  0.036026],
Ko = [0.026825  0.044516],
Ks = [0.18521  0.080762],
Ks, = [0.13467  0.057182].

Utilizing these control gains, the state trajectories of the
closed-loop system are shown in Fig. 4 (solid line). For
comparison, states of the open-loop system are also shown
in this figure.

5 Conclusion

By introducing a delayed Takagi—Sugeno system with
nonlinear consequent parts, a robust controller has been
proposed for a class of delayed nonlinear systems. It was

25
— X,
2 b
TEEE T - - - X0
0 -
% 15 Refrence Signal
73 AN z’
N\ R
11 S S
05 I I I I I ]
5 10 15 20 25 30
2k
T 15+
2
n
R
<
3 05F
0 I I I I I ]
0 5 10 15 20 25 30

Fig. 3 Up: state trajectories resulted by Corollary 1, x; (solid line) and x, (dash line). Down: control signal produced by Corollary 1

@ Springer



International Journal of Fuzzy Systems

States Trajectoreis

Open Loop States

- X

20 25 30

- - X

Close Loop States

1 1 1 J

15 20 25 30

Time(s)

Fig. 4 State trajectories of open-loop system in Example 1 (upper figure) and states of closed-loop system (lower figure)

assumed that the fuzzy T-S model contains unstructured
uncertainties. Depending on whether the system has input
delay or not, two kinds of state-feedback controller were
supposed. By the Lyapunov—Krasovskii stability theory,
some conditions in the form of linear matrix inequalities
were presented such that the closed-loop system is
asymptotically stable and achieves a prescribed H, per-
formance level. Finally, three examples have been pro-
vided to illustrate the effectiveness of the proposed method.
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Appendix

Proof of Theorem 1 Consider a Lyapunov—Krasovskii
functional as

4
= ZVi(f)

i=1

(20)
where

Vi) = T (0Px (1) + / XT(5)Qx(5)ds

= [
o] s
Va(t) = (/tT T(s )ds)W(/tTX(s)ds)

Taking the derivative of V| (¢) and V,(r) along the solutions
of (13) yields

s)dsd0,

s5)dsd@,

@ Springer

Vi(t) = 2x" (1)Px(1) + x" (1)Qx(r) — x' (1 — 1)Qx(t — 1)
= 2x" ()P [A1x(t) + AnX(r — 1)
+Gm<o( (1)) + Hezp(x(t — 7)) + Dycv(1)]
x' (HQx(1) — x" (1 — 1)Qx(r — 1),

Vo) = XT(1)PR(1) — © /,_ X" (5)Px(s)ds.

According to Lemma 2, one can obtain V,(t) as

Va(1) < X (1)Px(r)

- (/{: X.T(S))P</IITX(S)) = 2T (1)Px(t) — (x" (1)

—x"(t — O)P(x(r) — x(r — 7).
(23)

Taking the derivative of V3(r) respect to ¢ yields
. 1

Vi(t) = ?xT(t)Rx(r) — ‘c/ x' (s)Rx(s)ds.
-7

Based on Lemma 2, the above equation can be written as

V(1) < xT(1)Rx(1) — (/{: XT(s)>R(/t:x(s)).

(24)
Calculating V4(¢) yields
t
Va(t) = 2(x" (1) —x"(t — r))W(/ x(s)> (25)
-1
According to (4), the following inequalities are true:
— 20" (x(1)@19(x(1)) + 29" (x(1))O:Ex(1) >0,  (26)
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— 20" (x(t — 1))@ (x(t — 7))

+ 20" (x(t — 7)) OEx(r — @7)

7)>0.

From Eqgs. (21)-(27), one has

V(1) +y (0y(r) = v (1)v(r) < Z Vi(r) +y' 1)y (1)

=V 0)v(r) = 20" (x(1) @190 (x(1))
+20" (x(1)O1E ( )
— 20" (x(t = 1))@20(x(t — 7))
+ 20" (x(1 — 1)) @:Ex(r — 1) = (' (NEL(r),
(28)
where
RATER AT iy W s |
* Lp CLG, Xy —-W CD
_ - ;3 G H. 0 G.D,
== * * * P 0 H;ZD_\,Z
* * * * —R 0
| * * * * * Xes |
[tAT_ 7 [<A].] !
A} 1A}
MECH RN,
H H
0 0
L ’L'DI, 1 L ’L'D;{Z ]
() = [x"(1),x"(1 = 1), " (x(1)), 0" (x(1 — 7)),

| xT<s>ds7vT<r>]T

and the other parameters are given in (14). If Z <0, which
is the equivalent to the condition (14), based on the Schur
complement and Lemma 1, then (28) can be written as

V(1) +y" (0)y(t) — y*v' (1)v(r) <O.

Integrating both sides of the above inequality from O to oo
with zero initial condition gives

/OOO [y ()y(1) — V" (1)v(r)]de <0,

which means that the inequality (9) is satisfied. ]

Proof of Theorem 2 By substituting A=A, +BK,,
Ar. =As, +BKs., G..=G.+BXK;s, and H,. =
sz + B.K,; from (13) into (14), pre- and post-multiply it
by diag{P~!,P~!, @, ', @, P~ P!}, and considering
P=P', 0,=0;, 0,=0,!, Q=pr'QP,

R=P 'RP !, W=P'WP ', K,;

=K P!,

Ky

=Ky;

P!, K3 = K30, !, and Ky, = K0, ', the condition (14)
can be written as
(£, X X3 X W X L |
x —Q-P 0 PE' -W PCID, Xy
* * -20, 0 0 ©G.D,. Xy
% * * -20, 0 OH.D, Iy
* * * R 0 0
* * * * X6 rDIZ
| * * * * * — ﬁ_
rpct ([ pct 1"
PC), | | PC),
0,G}, | | G},
t1 6| |0 | <0
0 0
0 0
L o JL o0 |

where the parameters are given in (15). The Schur com-
plement follows that the above inequality is equivalent to
(15). O
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